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Abstract

Representative subset selection is an important problem in web
data mining and machine learning, which is commonly modeled as
monotone submodular maximization under a knapsack constraint
with a cost function ¢ and a budget b. Despite extensive studies, it
remains unclear whether there exists any deterministic combina-
torial algorithm that can achieve an approximation ratio a > 1/2
with subquadratic query complexity. In this paper, we introduce
the max/min cost ratio of all elements r := max, c(e)/min, c(e)
as a structural parameter that facilitates the exploration of this
gap with a hardness result and several intuitive insights for algo-
rithm design. We first show that when |b/r] = 1, no determin-
istic combinatorial algorithm with o(n?) query complexity can
achieve an approximation ratio ¢ > 1/2. When |b/r] > 2, we
identify non-trivial regions in the (r, b)-plane where thresholding
greedy-based algorithms achieve (5/9 — ¢)-approximation ratios
with O((n/e¢) log(n/¢)) query complexities. Finally, we propose a
Cost Ratio Aware (CRA) algorithm that switches between these
algorithms based on the property of (r, b). Experiments on four
web-based applications show that CRA outperforms other base-
lines within the identified regions, implying that the cost ratio is
an effective indicator of algorithmic performance.
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1 Introduction

Representative subset selection is a core application in modern web
systems with well-known applications such as data summarization,
sensor placement, influence maximization and resource allocation.

These applications could be formulated as the monotone sub-
modular maximization under a knapsack constraint (SMK) problem.
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Let V be the ground set with size n. The goal of SMK is to choose
a subset S C V with ¢(S) < b that maximizes a utility function
£(S) where f : 2 — Ry is a non-negative monotone submod-
ular function, ¢ : V — R is a modular cost function and b > 0
is the budget. This formulation captures the ubiquitous trade-off
between coverage (or influence) and resource limitations in web-
based systems. For instance, the budget b can represent CPU limits
for scoring and re-ranking, bandwidth or memory limits for serving
content. In the value oracle model, an algorithm makes a query by
inputting a set S, and the oracle returns the value f(S). The query
complexity of the algorithm is the total number of sets S for which
the algorithm requests the value f(S) from the oracle.

In the offline setting, Sviridenko [5] proposes an algorithm achiev-
ing a (1 — e~ !)-approximation ratio for SMK by enumerating all
three-element subsets with O(n°) query complexity. Feldman et
al. [3] improve this enumeration idea by showing that enumerating
two-element subsets also achieves (1 — e~!)-approximation with
O(n*) query complexity. They further present a One-Set Enumera-
tion algorithm achieving approximately 0.97(1—e~!)-approximation
with O(n®) queries. All these algorithms could be accelerated from
o(n™) (m € {3,4,5}) to O(n™"1/¢) using the thresholding tech-
nique in [1] at the cost of worsening the approximation ratio by a
factor of (1 — ¢) where the O notation disregards poly-logarithmic
terms. Despite offering strong approximation guarantees, these
algorithms suffer from a quadratic or higher query complexity, ren-
dering them impractical for web-based applications. In contrast,
algorithms with subquadratic query complexities are favorable in
web-based applications.

For more efficient algorithms, Ene et al. [2] propose a multilinear
extension framework that achieves a (1 — e™! — ¢)-approximation
ratio in near-linear time. However, since the query complexity be-
comes extremely large by ¢ and the cost of evaluating multilinear
extension is expensive, their method is impractical in real-world
applications. A complementary line of work focuses on more prac-
tical algorithms without leveraging continuous extensions (we call
this algorithm as combinatorial). The Greedy+Max algorithm, pro-
posed by Avdiukhin et al. [6], achieves a (1/2)-approximation ratio
with O(n?) query complexity and can be accelerated to O(n/e).
Subsequently, Li et al. [4] propose Fast Threshold Greedy with Post-
Processing (FTG+PP), a near-linear-time algorithm that guarantees
a (1/2 — ¢)-approximation ratio for SMK. However, these two near-
linear-time algorithms have lower approximation ratios than the
previous works [2, 3, 5].

These observations raise a fundamental algorithmic question:
Does there exist any deterministic combinatorial algorithm that could
achieve an approximation ratio @ > 1/2 for SMK with subquadratic
query complexity? To facilitate the investigation of this question,
we introduce a simple structural parameter called the cost ratio and
study how it affects both hardness and algorithmic performance.
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Specifically, given a cost function ¢, we define the cost ratio as
maxecy c(e)
mingey c(e)
loss of generality, we can normalize a knapsack constraint (c, b)

such that min.cy c(e) = 1 and r = maxecy c(e).

Contributions. Our first contribution is a hardness result. When
Lb/r] = 1, no deterministic combinatorial algorithm with o(n?)
query complexity can achieve an approximation ratio strictly larger
than 1/2. This result demonstrates the near-optimality of the 1/2—¢
approximation ratios achieved by existing near-linear-time com-
binatorial algorithms, such as Greedy+Max (thresholded version)
and FTG+PP.

We then move beyond this worst-case barrier and focus on in-
stances where |b/r| > 2. On the algorithmic side, we analyze a
Greedy Power Density algorithm which iteratively adds feasible
elements maximizing f(e | S)/c(e)?, given a power parameter
0 € [0, 1]. We derive an approximation ratio of this algorithm as
a function of (r, b, #) and prove that the best approximation ratio
is achieved at the endpoints 8 € {0, 1}. By analyzing the endpoint
cases, we identify three regions (A, B, C) in the (r, b)-plane where
Greedy Power Density achieves a (5/9)-approximation ratio. These
three regions cover at least 37.8% area of the whole region where
Lb/r] = 2.

Building on these insights, we propose a Cost Ratio Aware
(CRA) algorithm that switches between two thresholded power-
density rules (with = 0 and 6 = 1) and a near-linear-time base-
line (FTG+PP), based on the observable pair (r,b). When (r,b) €
AU B UC, CRA achieves a (5/9 — ¢) approximation ratio with
O((n/e)log(n/e)) query complexity. Otherwise, it achieves a (1/2—
¢) approximation ratio with O((n/¢) log(1/¢)) query complexity.

Finally, we evaluate CRA on four web-based applications and ob-
serve that CRA consistently outperforms near-linear-time baselines
when (r,b) € AU BU C while remaining competitive elsewhere,
which is consistent with our theoretical results.

ri= (max/min cost ratio among all elements). Without

2 Theoretical Results

By definition, a set function f is monotone if forall A C B C V,
it holds that f(A) < f(B), and is submodular if forall AC BCV
and any element e € V \ B, it holds that f(A U {e}) — f(A) >
f(BU{e}) — f(B). The marginal gain of adding an element e to a
set S is defined as f(e | S) := f(SU {e}) — f(S) forany S C V and
e € V\ S. Let OPT := argmaxscy.c(s)<b f (5).

In the following, we categorize SMK problem instances by the
cost ratio and budget pair (r, b) to analyze their complexity and
develop efficient algorithms.

2.1 Hardness Result

THEOREM 2.1. When |b/r] = 1, no deterministic combinatorial al-
gorithm with o(n?) query complexity could achieve an approximation
ratio of o > 1/2.

Proor. Fix an integer n > 2 and let the ground set be a disjoint
union V = HUL with |H| = [n/2] > 1and |L| = n—|H| > 1, where
H is the set of heavy elements and L is the set of light elements. We
set a budget b with 2 < b < 3 and define a normalized cost function
such that ¢(f) = 1 forall ¢ € L and c(w) € (b/2,b — 1] for all
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w € H. Since mingcy c(e) = 1 and r = max.cy c(e) € (b/2,b — 1],
it follows that |b/r] = 1.

With the above settings, for any e € V, it holds that c(e) < b.
For any {ej, ez} C V,if c({e1,e2}) > b, it holds that {e;,e;} C H.
It also holds that ¢(S) > b for any subset S € V with |S| > 3.
Based on these three observations, we conclude that the feasible
solution set is composed of all singleton elements, light-light pairs,
and heavy-light pairs.

Let A be any deterministic combinatorial algorithm and define
Q :={(w, ) € HXL : A queries {w, £}}. Since the query complex-
ity of A is o(n?) while |H X L| = ©(n?), it follows that there exists a
pair (w*, £*) € (HxL)\ Q. Using two elements w* € H and £* € L,
define f: 2¥ — Ryg as f(S) = 0if S = 0; f(S) = 2if {w*, £*} C S;
and f(S) = 1 otherwise. Given objective f, cost function ¢ and
budget b, the optimal solution is OPT = {w*, ¢*} with f(OPT) = 2.

Let S# denote the output of algorithm A. By the definition of
Q, no query made by A ever contains both w* and £*. Hence,
f(Sa) <1, implying that the approximation ratio of A is at most
1/2. Therefore, any deterministic combinatorial algorithm that
achieves an approximation ratio « > 1/2 with [b/r] = 1 must
have Q(n?) oracle calls in the worst case. O

Theorem 2.1 shows that it is impossible to find a deterministic
combinatorial algorithm with subquadratic query complexity that
could achieve approximation ratio strictly larger than 1/2 when
b/r] = 1. Hence, in the following we focus on the SMK problem
instance satisfying | b/r] > 2.

2.2 Greedy Power Density

Given a parameter 0 € [0, 1], Greedy Power Density (Algorithm 1)
starts from S = () and repeatedly adds a feasible element maximizing
the power density f(e | S)/c(e)?. It stops when no element could
be added into the current solution set due to budget constraint.

Algorithm 1 Greedy Power Density (GPD)

Input: 0
1S e—0;V eV,
2. while V # 0 do
3 U — argmaxee‘;\sf(e | S)/c(e)?;
4 if ¢(S)+c(u) <b thenS « SU {u}
5. VeV {u)
6: return S

a1 (r.b)
r1-0

Let A, == |b] 1% Ay := [b]'"9 %, B, := |b/r] and B, :=
where a;(r,b) =b —rif b < r|b]; otherwise a;(r,b) = |b].

THEOREM 2.2. Forany 0 € [0, 1], Greedy Power Density achieves
an approximation ratio of 1 — e™¥(%) where y(0) := %‘ In

max{Bj,By}
) -approximation

particular, it achieves 1 — (1 -

if 0 = 0.

min{Ay,Az}

Proor SKETCH. Our analysis tracks the iterative form of the opti-
mality gap f(OPT)—f(S) along the greedy trajectory by comparing
each step’s gain to an upper bound on the residual “power cost”
of OPT. Specifically, for the intermediate solution sets Sy, ..., S; of
GPD, our analysis compares each marginal gain f(S;) — f(Si—1)
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to the remaining “power cost” of OPT. Let C; := Y copr\s;_, c(e)?
and D := Zi;l c(u;)? where u; := S;\ S;—; and I’ is the largest index
such that, up to the point when Sy is constructed, no element from
OPT has been selected by maximizing power density but not added
to the solution set due to the budget constraint. By monotonicity
and submodularity, GPD’s choice of u; gives f(S;) — f(Si—1) =
Wi (F(OPT) - f(Si-1)). implying that the gap f(OPT) — £(S:)
contracts multiplicatively at a rate controlled by ¢(x;)?/C;. Bound-
ing the denominator C; and the total “power cost” D by the defi-
nition of cost ratio and budget yields C; < min{A;(0), A2(0)} and
D > max{Bj, B2(6)}. Substituting these envelopes into the above
recursion proves Theorem 2.2.! O

LEMMA 2.3. y(0) achieves its maximum when 0 € {0, 1}.

ProoOF. Lets := min{r,b/|b]} > 1and ¢q := By, ¢1 := a1 (r,b)/r.
It holds that min{A; (), A;(0)} = |b] s® and B,(8) = c;r?. (Case
1):if ¢g > ¢1r?, we have y(6) = LCTOJS’G. Since s > 1, y(6) is non-
increasing with . (Case 2): if ¢y < ¢17?, we have y(0) = LchJ (g)g.
Since r/s > 1, y(6) is non-decreasing with 6. Hence, y(6) achieves

its maximum at the endpoints for every (r, b) pair. O

Define three regions in the (r,b)-plane as A := {(r,b) : r <
b/|bl}, B := {(r,b) : b/r = (1 —1In(9/4))"'} and C := {(r,b) :
Lb/r] €{2,3,4,5}, |b] < |b/r] +1}.

LEmMMA 24. If (r,b) € AU C, then GPD with 8 = 0 achieves
a (5/9)-approximation ratio. If (r,b) € B, then GPD with § = 1
achieves a (5/9)-approximation ratio.

Proor SKETCH. This lemma is derived by setting 6 = 0 and
0 = 1 on the approximation ratio of GPD from Theorem 2.2 and
simplifying the resulting inequalities.! O

We quantify the area ratio f of the region AU B U C. For any
value M > 1, define Sy; := {(r,b) : 1 <r <b <M, |b/r| > 2} and
Ry == (AU BUC) N Sy Let | - | denote the two-dimensional
Lebesgue measure on the (r, b)-plane. Then f is defined as f§ :=
limp—co (IR /ISm1)-

LEMMA 2.5. It holds that f > 2(1 — In(9/4)) ~ 0.378.

Proor. For simplicity, let A := (1 —1n(9/4)) 1. We first compute
the area of Sys. The constraint |b/r] > 2 is equivalent to b > 2r,
so on Sy we have 1 < r < M/2 and 2r < b < M. Hence, |Sy| =

M/2 oM _ M2
27 L, dbdr = M= + o(M?).

Next, we lower bound |Ry| by |B N Sy|. For M > A, it holds
that BN Sy = {(r,b) : A <b <M,1<r <b/A}. Hence, |[BNSy| =
S [P drdb = M2+ o(M?). Since |Ry| = |BN Sy, it follows that

2
M +o(M?)

[Rm| [BOSm| _ T : : |Rm|
Bl 2 Bl = Aﬁz o) which implies that limps— Bl 2
/@) _ 2

=2~ 0378, O

Lemma 2.5 suggests that GPD achieves a (5/9)-approximation
ratio for at least 37.8% SMK problem instances of all (r, b) pairs
with | b/r] > 2.

8399

WWW ’26, April 13-17, 2026, Dubai, United Arab Emirates

Algorithm 2 Threshold Greedy Power Density (TGPD)

Input: 6, ¢
1S — 0519 — maxeey (f({e})/c(e)?); T — 10;
2: while 7 > ery/n do

3: for each e € V do

4 if c(S) +c(e) < band f(e | S)/c(e)? = 7 then
5 S« Su{e};

6: Te—(1-¢) -1

7: return S

2.3 Cost Ratio Aware Algorithm

According to Algorithm 1, GPD has O(n?) query complexity. To
accelerate GPD into subquadratic query complexity, we apply the
thresholding technique from [1] on GPD to obtain Threshold Greedy
Power Density (Algorithm 2).

LEMMA 2.6. TGPD achieves an approximation ratio of (1—¢)a with
O((n/e)log(n/€)) query complexity where a is the approximation
ratio of GPD.

Algorithm 3 Cost Ratio Aware (CRA)

Input: ¢
1: normalize (¢, b) and compute cost ratio r
2. if (r,b) € AU C then return TGPD(0, ¢)
3. else if (r,b) € B then return TGPD(1, ¢)
4: else return FTG+PP(¢) [4]

Combining Lemma 2.4, Lemma 2.6 and the approximation ratio
of FTG+PP from [4], we propose a Cost Ratio Aware algorithm
(Algorithm 3) and obtain the following theorem:

THEOREM 2.7. For SMK problem, CRA has O((n/¢) log(n/¢)) query
complexity and its output Scra satisfies:

(1) If(r,b) € AUBUC, f(Scra) 2 (5/9 - ) f(OPT).

(2) Otherwise, f(Scra) = (1/2 — ¢)f(OPT).

3 Experiments

In this section, we evaluate the performance of CRA on four web-
based applications and compare CRA with three baselines across
a range of cost ratios and budgets. Our experiments are designed
to test two hypotheses: (i) for SMK problem instances with (r, b) €
AU BU C, CRA outperforms baselines whose approximation ratios
are lower than CRA; (ii) otherwise, if (r,b) ¢ AU BU C, CRA’s per-
formance does not dominate baselines with the same approximation
ratio and hence CRA loses its advantage.

We conduct experiments on four web-based applications: movie
recommendation, image summarization, facility location and rev-
enue maximization, following the same settings as previous work [4].
Each application specifies an objective function f and a cost func-
tion ¢. We sample the cost ratio and budget pair (*, b*) uniformly

from {(r,b) : 1 < r < b < 300}. For each application with a cost
*_1). c(e) =Cmin
Cmax ~Cmin

and then set the budget to b*. We classify problem instances into

function ¢, we transform the cost c(e) to ¢(e) = 1+(r

IFull proofs can be found at: https://github.com/tongch8819/CostRatioAwareSMK.
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Figure 1: Average objective value and number of oracle
queries across two regions and four applications.

two categories: (i) good when (r*,b*) € A U B U C; (ii) bad oth-
erwise. Our experiments are conducted on a 36-core Linux server
with an Intel Core i9-10980XE CPU @ 3.00GHz and 125GB of RAM.

We compare CRA against three baselines: 1) Greedy+Max pro-
posed by [6]; 2) FTG+PP proposed by [4]; 3) OneSetEnumGreedy+Max
proposed by [3]. We implement Greedy+Max and OneSetEnum-
Greedy+Max using the thresholding technique from [1] to ensure
comparison fairness. The accuracy parameter ¢ of all algorithms
are set to 107>, For each application and sampled pair (r*, b*), we
run CRA and other baselines for the problem instance, and record
the objective value of the final output and the number of oracle
queries. For each region type (i.e., good or bad), we compute the
average objective value and number of oracle queries, which are
illustrated in Figure 1.

We observe that in both regions OneSetEnumGreedy+Max achieves
the highest average objective values while its number of oracle
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queries are way much higher than other methods. In the good re-
gion, CRA achieves higher average objective values than Greedy+Max
and FTG+PP while having almost the same average number of or-
acle calls as Greedy+Max and FTG+PP. In the bad region, CRA
achieves almost the same average objective values as Greedy+Max
and FTG+PP and loses its advantage. These observations are consis-
tent with our theoretical results, suggesting that if the SMK problem
instance lies in the good region, we could use CRA to achieve better
performance without increasing the overhead of oracle queries.

4 Conclusion

In this paper, we have studied the problem of monotone submod-
ular maximization under a knapsack constraint and aim to find
a deterministic combinatorial algorithm with subquadratic query
complexity and approximation ratio strictly larger than 1/2. In or-
der to investigate this problem, we introduce a structural parameter
called cost ratio. With this tool, we firstly prove that when | b/r] =1,
no deterministic combinatorial algorithm with subquadratic query
complexity can achieve an approximation ratio ¢ > 1/2. Further-
more, we propose a Greedy Power Density algorithm and through
dedicated analysis identify three regions A, B, C in the (r, b)-plane
where Greedy Power Density achieves a (5/9)-approximation ratio.
These regions cover at least 37.8% of all (r, b) pairs with [b/r] > 2.
Building on this theoretical result, we design a Cost Ratio Aware
algorithm that switches between different sub-procedures based on
the property of (r, b) with near-linear query complexity, achieving
(5/9 — ¢€)-approximation in AU BU C and (1/2 — ¢)-approximation
elsewhere. Experiments on four web-based applications shows that
CRA outperforms baselines with a lower approximation ratio and
near-linear query complexity in the favorable region and remains
competitive outside the favorable region.
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