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Abstract

Submodular maximization has become in-
creasingly important in the fields of machine
learning and data mining. For general sub-
modular maximization without monotonic-
ity, many previous analyses provide poor ap-
proximation guarantees, especially for sub-
modular functions that are approximately
monotone. To address this issue, the research
community has proposed a continuous metric
called the monotonicity ratio for submodular
functions. The monotonicity ratio has been
studied for submodular maximization under
no constraint, a cardinality constraint, and
a matroid constraint. However, the impli-
cations of using the monotonicity ratio for
submodular maximization with a knapsack
constraint remain unclear. Although a knap-
sack constraint can be regarded as a contin-
uous extension of the cardinality constraint
with non-uniform costs, the gap in analysis
between these two constraints is substantial.
In this paper, we analytically show that many
previously proposed algorithms for monotone
submodular maximization with a knapsack
constraint can achieve improved approxima-
tion guarantees under partial monotonicity
with a simple modification: enforcing posi-
tive marginal gain. In addition, we evalu-
ate our proposed algorithms for two machine
learning applications of movie recommen-
dation and influence-and-exploit marketing,
showing that our algorithms could achieve
better empirical performance than state-of-
the-art algorithms under partial monotonic-

1ty.
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1 INTRODUCTION

Submodular maximization has emerged over the past
two decades as an indispensable tool for tackling dis-
crete optimization problems in machine learning. Sub-
modularity captures the property of diminishing re-
turns in set functions, which is ubiquitous in a wide
range of applications such as maximum entropy sam-
pling (Shewry and Wynn!|1987; Fampa and Lee|,2022),
maximum facility location (Cornuejols et al., [1977;
Ageev and Sviridenko, [1999) and influence maximiza-
tion in social networks (Chen et al.l [2009; |Lei et al.|
2015} [Li et al., [2018). Submodular maximization is
NP-hard (Feigel [1998). Hence, a substantial body of
research has focused on the development and analy-
sis of approximation algorithms for submodular max-
imization. In the context of constrained submodu-
lar maximization, the cardinality, matroid, and knap-
sack constraints represent three of the most commonly
studied formulations. Among these, the knapsack-
constrained setting is generally considered more chal-
lenging, due to the variability and heterogeneity of the
associated cost functions. This complexity makes the
optimization process more difficult compared to the
relatively uniform structures of cardinality and ma-
troid constraints (Amanatidis et al., 2020). In this
paper, we study the problem of non-monotone sub-
modular maximization with a knapsack constraint.

Many prior studies have focused on monotone submod-
ular maximization with a knapsack constraint, yield-
ing a range of approximation ratios (Wolsey, |1982a;
Khuller et al., [1999; [Yaroslavtsev et al., [2020; Tang
et al., [2021; |[Feldman et al., 2023). Beyond the mono-
tone setting, the problem of non-monotone submod-
ular maximization with a knapsack constraint is also
of practical significance, including applications such as
computing core values in supermodular games (Schulz
and Uhan, 2007) and optimizing marketing strategies
for revenue maximization in social networks (Hartline
et al., 2008). Hence, substantial research efforts have
been devoted to non-monotone submodular maximiza-
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tion with a knapsack constraint (Mirzasoleiman et al.|
2016} ) Amanatidis et al., 2020, 2021} |Cui et al., [2023).

However, there exists a significant gap of the approx-
imation ratios between the monotone case (Wolsey,
1982a; [Khuller et al., [1999; Yaroslavtsev et al., [2020;
Tang et al., |2021; Feldman et al., |2023) and the non-
monotone case (Mirzasoleiman et all [2016; |Amana-
tidis et al., [2020, 2021} |Cui et al.l [2023). Specifically,
the approximation ratios for monotone submodular
maximization with a knapsack constraint (e.g., 0.402,
0.5, 0.632) are substantially larger than those for the
non-monotone counterpart (e.g., 0.167, 0.171, 0.25).
Intuitively, for submodular functions that are nearly
monotone, one would expect the approximation ratio
to degrade smoothly rather than abruptly. Relying
solely on results from strictly monotone or fully non-
monotone settings overlooks this continuous variation.

Instead of treating monotonicity as a binary prop-
erty, a continuous metric called monotonicity ratio,
proposed in (Mualem and Feldmanl| 2022)), quantifies
how close a submodular function is to being monotone.
This concept is a useful tool for enhancing the approx-
imation analysis. Mualem and Feldman| (2022) lever-
aged the monotonicity ratio to analyze three submod-
ular maximization problems: unconstrained submod-
ular maximization, submodular maximization with a
cardinality constraint, and submodular maximization
with a matroid constraint. While Mualem and Feld-
man| (2022) derives convex-combination approxima-
tion ratios for unconstrained, cardinality, and matroid
settings, it leaves the knapsack setting unresolved. We
close this gap by developing a monotonicity-ratio anal-
ysis of greedy-based algorithms for submodular max-
imization under a knapsack constraint. Our approxi-
mation ratio is continuous with the monotonicity ratio
and hence bridge the classical monotone and fully non-
monotone cases.

However, the proof techniques introduced in (Mualem
and Feldman, [2022) do not directly extend from sub-
modular maximization with a cardinality constraint
or matroid constraint into submodular maximization
with a knapsack constraint. In the cardinality or ma-
troid constraint setting, the greedy algorithms select
elements by maximizing the marginal gain. Most anal-
yses lower bound the marginal gain based on the in-
termediate solution set by some multiplier times the
optimal function value. By telescoping these inequali-
ties over all intermediate solution sets, we could obtain
the approximation ratio of the greedy algorithm. How-
ever, in the knapsack constraint setting, the greedy
algorithms select elements by maximizing the density
instead of marginal gain. The analyses can only lower
bound the density based on the intermediate solution
sets by some multiplier times the optimal value. Since

the cost of selected elements in the solution set are dif-
ferent, telescoping these inequalities of densities over
all intermediate solution sets does not recover the func-
tion value of the final solution and hence fails to give
an approximation ratio of the greedy algorithm. This
discrepancy necessitates more specialized analysis to
derive an approximation ratio under a knapsack con-
straint setting.

Our contributions. We introduce two novel tech-
niques designed to overcome these knapsack-specific
analytical barriers: 1) Positive-marginal Filter (PF):
A technique that identifies and excludes elements with
negative marginal gains. This ensures the monotone
growth of the objective value throughout the greedy
process 2) Residual Lift (RL): A technique that con-
structs a residual set function for the analysis. We
prove that for any non-negative, m-monotone submod-
ular function, the residual set function has monotonic-
ity ratio of m’ = m+ % for any tunable parameter

A > 1. With these two techniques, we prove a PF+RL
growth template theorem as follows:

Theorem 1.1. For any PF-respecting algorithm with
an output Syt and a seed set Y (e.g., 0, the best sin-
gleton, or the best two-set), it holds that

f(Sout) = A(m, A) f(OPT) + B(m, ) f(Y).
(The same as Theorem [3.)).

Instantiating the PF+RL growth template theorem
with five PF-respecting greedy algorithms: Posi-
tive Modified Greedy (PMG), Positive Greedy+Max
(PG+Max), Two Set Enumeration Positive Greedy
(2EPG), One Set Enumeration Positive Greedy+Max
(IEPG+Max), and Sample Greedy (SG), we instanti-
ate A(m, \) and B(m, \) as a corollary of Theorem [1.1]
yielding a continuous approximation curve as a func-
tion of the monotonicity ratio m. In particular, the
values of the approximation ratios when the mono-
tonicity ratio m = 1 are consistent with the classical
monotone results from (Khuller et al.l|1999; Yaroslavt-
sev et al.; 2020; Feldman et al., 2023; Tang et al., 2021}
Amanatidis et al., [2020).

To facilitate a direct comparison between methods, Ta-
ble [[] reports conservative, closed-form expressions for
the approximation ratios. We provide tighter approx-
imation ratios with respect to monotonicity ratio in
Appendix [C] These sharper analytical results are fur-
ther visualized in Figure

Guided by our theoretical results, we outline a deploy-
ment guideline. From Figure |1} one may select the
pointwise maximum of the five approximation ratios
for each m € [0,1]. When m < 0.2, SG is prefer-
able, as it remains non-trivial as m goes to 0. For
0.2 < m < 0.6, PG+Max offers a parameter-free m /2
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Algorithm  Approximation Ratio

PMG m(l—1/e)/2

PG+Max m/2

2EPG max{m(1l — 1/e)/2, goes to m(1 —1/e)}
1EPG+Max max{m/2, approximates to m(1 —1/e)}
SG (m+1)/6 (m > 1/5); otherwise 0.1716

Table 1: Conservative, closed-form approximation ra-
tios for the five PF-respecting instantiations. The
tighter (and slightly more intricate) m-dependent
curves are plotted in Figure [T] and stated precisely in

Appendix [C]

symmetry since heterogeneous item costs make the fea-
sible family variant and sets of the same cardinality are
neither uniformly feasible nor share the same function
value under permutations. Hence, the symmetry gap
framework used in (Mualem and Feldman, |2022)) does
not transfer directly to the knapsack constraint case.

Using our asymmetry-aware inapproximability frame-
work, we obtain the following theorem:

Theorem 1.2. For any € > 0, no polynomial-time
algorithm achieves an approximation ratio larger than
Peard (M) — %—i—a where peard (M) is the inapproxima-

bility result for the cardinality case from
Feldman), [2022) (The same as Theorem .
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Figure 1: Approximation ratios with respect to mono-
tonicity ratio m for the five PF-respecting instantia-
tions.

approximation ratio with reduced query complexity.
For m > 0.6, a light enumeration step activates a seed-
ing dividend: 2EPG or 1IEPG+Max typically achieves
the maximum approximation ratio. When enumera-
tion cost is prohibitive, PMG and SG have lower query
complexity and hence are favorable. Specifically, when
the monotonicity ratio m is large PMG is generally
preferable whereas when m is small SG is advanta-
geous.

Beyond analyzing approximation ratios using PF+RL
growth template theorem, another contribution of this
paper is a new inapproximability framework that is
asymmetry-aware and well-suited to knapsack con-
straint analysis. For cardinality constraint and ma-
troid constraint, the feasible sets exhibit substan-
tial permutation symmetry, making the symmetry-gap
framework in applicable.
land Feldman (2022)) extends the symmetry gap frame-
work to partial monotonicity setting to derive inap-
proximability results for these two constraints. By
contrast, a knapsack constraint breaks permutation

The proof of this theorem follows an information-
indistinguishability —framework derived
from (Le Cam) (1986} [Yaol [1977) by constructing two
distributions over problem instances that are hard to

distinguish from oracle transcripts and apply Yao’s
These two distributions Dy and
D, are statistically close under oracle access, so no
polynomial-time algorithm can reliably distinguish
them with o(1) advantage. These two distributions
exhibit a gap in optimal value aligned with peara(m).
The key departure from (Mualem and Feldman|
is that without symmetry under a knapsack
constraint, we pad heavy items with carefully chosen
costs and introduce light items so that the knapsack
feasibility region encodes the hidden bit distinguishing
Dy from D;. This yields a gap-preserving reduction
from the cardinality lower bound to knapsack without
assuming invariance under permutations of feasible
sets.

We admit that the quantitative downgrade (1—m)/512
is not significant. But our major contribution here
is the analytical framework: an asymmetry-aware
indistinguishability method for knapsack that does
not rely on the symmetric feasible-set structure used
in (Mualem and Feldman| 2022).

2 PRELIMINARIES

Let V' be a ground set of elements with size n. A set
function f : 2V — R>g is a submodular function if for
any subsets A, B C V, it holds that f(A4) + f(B) >
f(AU B) + f(An B). Denote f(e | A) = f(AU
{e}) — f(A) as the marginal gain of element e over
a base set A C V. Equivalently, if a set function f
is submodular, then for any subsets A C B C V, it
holds that f(e | A) > f(e| B) for any e € V' \ B, i.e.,
the marginal gain of an element over a base set never
increases as more elements are added into the base set.

The submodular maximization with a knapsack con-
straint problem is formulated as: max gcv.c(s)<s f(5),
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where ¢ : V. — Ry, ¢(S) := Y cgcle) is the cost
function for the knapsack constraint and b € R is
the budget. We call the ratio between the marginal
gain f(e | S) and cost c(e) of element e as density
ple ] S):= f(e] S)/c(e). Let OPT denote an optimal
solution of this problem.

A submodular function f is monotone if for any sub-
sets A C B C V, it holds that f(A4) < f(B).
To characterize the degree of monotonicity for non-
monotone submodular functions, we adopt the con-
cept of the monotonicity ratio from (Mualem and Feld-
man), [2022)). Specifically, for a non-negative submod-
ular function f, the monotonicity ratio is defined as
m = minacpgcy f(B)/f(A), where the ratio of func-
tion values f(B)/f(A) is defined as 1 if f(A) = 0.
A submodular function f is m-monotone if its mono-
tonicity ratio is m.

3 THEORETICAL RESULTS

In this section, we first present the PF+RL growth
template theorem and then instantiate the template
with five PF-respecting algorithms, deriving explicit
m-~dependent approximation ratios. Finally, we pro-
vide an improved inapproximability results that ex-
tend the results of (Mualem and Feldman| 2022) to
the knapsack setting.

Unlike a cardinality or matroid constraint where the
greedy algorithm advances in uniform rank incre-
ments, the algorithm under a knapsack constraint ad-
vances in non-uniform cost steps and may terminate
early due to a blocking item that does not fit the resid-
ual budget. This breaks the telescoping and averaging
arguments that give a convex-combination of approx-
imation ratios as in (Mualem and Feldman), [2022)).

To guarantee a monotone growth solution sequence un-
der partial monotonicity, we forbid negative-marginal
moves and analyze a residual function that lifts the
monotonicity ratio. Here we introduce two techniques.

e Positive-marginal Filter (PF). A greedy algo-
rithm is PF-respecting if it only adds elements with
non-negative marginal gains. PF rejects any ele-
ments with negative marginal gains into the solu-
tion set to prevent the objective function value from
decreasing.

e Residual Lift (RL). Fix a parameter A > 1.
For a base set X, define the residual function
gy(S) = f(SUY) - 2f(Y). When f is
non-negative m-monotone submodular, the residual
function gy (S) is m’-monotone submodular where
m' = m/(m,\) :=m + ";\2:77’1” (See more details in
Appendix . Intuitively, RL provides an analytical

tool for greedy algorithm starting from a seed set.

Collectively, PF guarantees monotone progress of the
partial solution and RL provides a residual objective
with an enhanced monotonicity ratio m’(m, A). Com-
bining these two techniques, we obtain the PF+RL
growth template theorem. For the five PF-respecting
algorithms, the PF+RL growth template theorem ap-
plies to yield instance-specific approximation ratios.

3.1 PF+RL Growth Template

Denote Sy C S; C --- C S,ut as the solution set se-
quence generated by a PF-respecting algorithm with
an initial seed set Sy =Y (e.g., Y = 0, the best single-
ton, or the best two-set). This algorithm halts when
either no item fits the residual budget or the marginal
gains of the remaining elements are negative.
Theorem 3.1. For any PF-respecting algorithm with
an output Souy and a seed set' Y (e.g., 0, the best sin-
gleton, or the best two-set), it holds that

f(Sout) 2 A(m, A) f(OPT) + B(m, ) f(Y). (1)

Proof sketch. The PF technique ensures that the ob-
jective value of the solution remains monotonically in-
creasing throughout the greedy selection process. At
each step, the density of the chosen item lower-bounds
a residual averaging of f(OPT), which is standard in
the analysis of greedy algorithms for submodular max-
imization with a knapsack constraint. RL provides a
lifted monotonicity m’ so that the residual contribu-
tions from OPT \ S; do not cancel when non-uniform
cost steps and early termination occur. When the
seed set is not empty(|Y| € {1,2}), a seeding dividend
B(m,\)f(Y) arises. Summing the per-step inequali-
ties up to the iteration round where the budget vio-
lation occurs and projecting back from gy to f yields
(1). The full proof is given in Appendix U

Theorem decomposes the worst-case approxima-
tion ratio into sum of a universal term A(m, A) f(OPT)
and an explicit seeding dividend B(m, \)f(Y). Cru-
cially, the coefficients depend only on the specifica-
tion of greedy algorithm and the seeding scheme (e.g.,
Y] € {0,1,2}), making the template a useful tool for
the analyses of PF-respecting greedy algorithms.

Many previous works have developed constant approx-
imation ratios for monotone submodular maximization
with a knapsack constraint (Wolseyl, |1982bla; Khuller
et al.l [1999; |Sviridenko| [2004; [Yaroslavtsev et al., [2020;
Kulik et al. 2021} Feldman et al., |2023; [Tang et al.|
2021} Balkanski et al., 2021)). However, the analyses
used in these works can fail for non-monotone objec-
tives because negative marginal gains and early block-
ing break the telescoping and averaging arguments.
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Our PF+RL growth template theorem resolves these
failure modes by excluding elements with negative
marginal gain and supplies a lifted monotonicity ra-
tio for the residual objective.

We therefore instantiate the template with five PF-
respecting greedy algorithms with a seed set Y: Posi-
tive Modified Greedy (PMG), Positive Greedy+Max
(PG+Max), Two Set Enumeration Positive Greedy
(2EPG), One Set Enumeration Positive Greedy+Max
(IEPG+Max), and Sample Greedy (SG). For each pro-
cedure, the PF4+RL growth template theorem yields a
m-~dependent approximation ratio as a short corollary
of Theorem [3.1] which recovers the classical monotone
constants at m = 1 and remains informative for m < 1.

3.2 Positive Modified Greedy (PMG)

Algorithm 1 Positive Greedy
1: procedure POSITIVEGREEDY (V, X))
2 S+ X,V V,;

3 while V #( do

4: u < argmax,cy f(v | S)/c(v);
5: if f(e|S) >0 then
6.
7
8

9

S« SuU{u};
else
break;

Ve {veV\S:cS)+c(v) <b};

10: return S;

Algorithm 2 Positive Modified Greedy
1: v* < argmax, ¢y f(v);
2: S < POSITIVEGREEDY(V, 0);
3: return best among S and {v*};

Corollary 3.1.1. Algorithm [3 is PF-respecting and
instantiates Theorem with seed Y = (. There ez-
ists a closed-form h3(m) such that for every A\ > 1
it holds that f(Sou) > max{m(l —e~1)/2,h3(m)} -
f(OPT).

At m = 1, PMG recovers the approximation ratio from
the analyses of the modified greedy algorithm under a
knapsack constraint. For more details of h7 (m), please

refer to Appendix and Appendix

3.3 Positive Greedy+Max (PG+Max)

Corollary 3.1.2. Algorithm [ is PF-respecting and
satisfies f(Sout) = (m/2)- f(OPT) as an instantiation
of Theorem [3.1] with seed Y = {).

The approximation ratio m/2 interpolates smoothly
from 0 at m = 0 to 1/2 at m = 1, recovering the ap-

Algorithm 3 Positive Greedy+Max

1: return PG+MAX+INITIAL(V, 0)
2: procedure PG+Max+INITIAL(V, X)
3: S— X, T+ X,V V;

4 while V # () do

5: v 4 argmax,cy f(v | 5);

6: if f(v']|S) <0 then

7. break ;

8 if f(T) < f(SU{v'}) then

9 T+ SU{v}

10: u < argmax, ey f(v | §)/c(v);

11: S+ Su{ul;

12: Vi {oeV\S:elS)+cv) <bk
13: return T

proximation ratio under the monotone case. For proof
details, please refer to Appendix and Appendix [E]

3.4 Two Set Enumeration Positive Greedy
(2EPG)

Algorithm 4 Two Set Enumeration Positive Greedy

1: v* < argmax, oy f(v);

2: S« 0

3: for every U C V with |U| =2 and ¢(U) < b do
4 Vi {veV\UcU)+c(v) <b};

5. 8"« PosITIVEGREEDY(V,U)

6 if f(S’) > f(S) then

7 S« 9

8: return best among S and {v*}

Let Y* € argmax{f(Y) : Y C OPT,|Y| = 2} be the
best two-element subset of OPT.

Corollary 3.1.3. Algorithm []] is PF-respecting and
instantiates Theorem[3 1 with seed Y = Y*. There ex-
ists a sign-sensitive correction term to(m,m’, X) such
that for every A > 1,

f(Sout) > am’ - f(OPT) + tQ(ma mlv )‘) ) f(Y*)v (2)

2_
and m' = m + »-—m,

where o 1= 1 — e~ — Elim-
inating the unknown ratio f(Y*)/f(OPT) in the
worst case yields a closed-form hy(m) € [0,a] such
that for every A > 1, it holds that f(Sou) >

max{h) (m), ma/2, b (m)} - f(OPT).

1

At m =1, the sign-sensitive correction term ts is non-
negative and reduces to the classical two-set enu-
meration guarantee 1 —1/e (Feldman et al. 2023)). For
more details of hjy(m), please refer to Appendix
and Appendix [F}
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Algorithm 5 One Set Enumeration Positive

Greedy+Max
1: S« 0;
2: for every U CV with [U| =1 do
3: Ve {veV\U:cU)+c(v) <b}
S" < PG+MAX+INITIAL(V, U)
if f(S") > f(S) then
S« S

return S;

3.5 One Set Enumeration Positive
Greedy+Max (1IEPG+Max)

Let w* € argmax{f({w}) : w € OPT} be the best
singleton solution within OPT.

Corollary 3.1.4. Algorithm [J is PF-respecting and
instantiates Theorem with seed Y = {w*} such
that for every A > 1,

ml

5 f{w™}). (3)

Worst-case elimination of f({w*})/f(OPT) yields a
closed-form h3(m) such that for every A > 1, it holds
that f(Sout) > max{h3(m),m/2} - f(OPT).

f(Sour) 2 =+ f(OPT) +

At m = 1, the seeding dividend is non-negative
and reduces to the standard one-set enumeration
greedy+max guarantee. For more details of h3(m),

please refer to Appendix and Appendix [G]

By far, the approximation ratios go to 0 as the mono-
tonicity ratio m goes to 0, which is a weakness of these
theoretical results. Next, we consider a randomized
algorithm which has a non-trivial approximation ratio
when the monotonicity ratio m goes to 0.

3.6 Sample Greedy (SG)

Corollary 3.1.5. Algorithm [ is PF-respecting and
satisfies for every A > 1, it holds that f(Sout) >
max{hy(m), h? (m)}-f(OPT), as an instantiation The-
orem (3. 1| with Y = () where hy(m) is defined in Corol-

lary[53.1.1)

Noticeably, SG stays non-trivial as the monotonicity
ratio m goes to 0 and its approximation ratio is larger
than those of other deterministic algorithms when the
function is far from monotone. As m increases, de-
terministic PF-respecting algorithms overtake it. For
more details of h}(m), please refer to Appendix
and Appendix [H]

3.7 Inapproximability Results

Theorem 3.2. For any constant € > 0, no polyno-
mial time algorithm can obtain an approximation ratio

Algorithm 6 Sample Greedy

Input: ¢ € (0,1/5)

1: T« |1/(59)]

2: Sy «~SAMPLEGREEDYWITHP (1/2)
S2 <~ SAMPLEGREEDYWITHP (1)
for i=0toT do

m < 10

— -

(m— 2)(m 1)+1

p
S; <—SAMPLEGREEDYWITHP( )
return best among Sy, So and S; for 0 <¢ < T
procedure SAMPLEGREEDY WITHP (p)
10: v* = argmax, oy f(v);
11: S+ 0,V V,;
12:  while V #0 do

13: u < argmax,cy f(v | S)/c(v);

14: if f(u]S) <0 then

15: break;

16: r ~ Bernoulli(p);

17: if r=1 then

18: S SU{u};

19: V VA {u}

20: Ve {veV\S:ce(S)+c(v) <b);

21: return best among S and {v*};

of peara(m) — 512 o + e for the problem of maximizing
a non-negative m-monotone submodular function with
a knapsack constraint where peara(m) is the inapprox-
imability result for the cardinality case from (Mualem
and Feldman, |2023).

Proof sketch. Starting from the objective f from §4.3
of (Mualem and Feldman) [2022)), we construct two
distributions Dy and Dy over submodular maximiza-
tion with a knapsack constraint problem instances
that share the same partition of ground set and
multiset of item costs but differ by a hidden align-
ment between costs and a planted block of types
over partition. Then, it follows that Ep,[f(OPT)] <

peard(M)Ep, [f(OPT)] + o(1).
Let ®(x) := E[f(S) | z] given a type counts vec-
tor x = (x1,---,zp) with x4 |S N V| where

Vi(l <t < T) is a partition of the ground set V.
The value of ® over two distributions Dy and D dif-
fers at most (1 —m)/512 relative to expected optimal
value. Since the total variation between two distri-
butions Dy and D; are infinitesimal TV = o(1), it
follows that any algorithm achieving an approxima-
tion ratio of no less than peara(m) — W + & on both
distributions would distinguish the two distributions
with constant advantage, which is a contradiction via
the information-theoretic indistinguishability frame-
work derived from (Le Caml |1986; |Yao, 1977)). There-

fore, no polynomial-time algorithm can obtain an ap-
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proximation ratio of peara(m) — 15_T72" + ¢ for any con-

stant € > 0. The full proof is given in Appendix[[} [

4 EXPERIMENTS

We evaluate the five PF-respecting algorithms across
two distinct applications: movie recommendation
(Mirzasoleiman et al., 2016) and influence-and-exploit
marketing (Hartline et al.l 2008).

We compare our algorithms against two state-of-the-
art algorithms from (Pham et al.; 2023)), including the
Deterministic Linear Query algorithm, which achieves
an approximation ratio of 1/6, and the Randomized
Linear Query algorithm, which achieves an approxima-
tion ratio of 1/4 for non-monotone submodular maxi-
mization with a knapsack constraint.

Our experiments are conducted on a 36-core Linux
server equipped with an Intel Core i9-10980XE CPU @
3.00GHz and 125GB of RAM. In the implementation,
we apply the lazy update technique (Minoux, [1978) to
accelerate the greedy-based algorithms.

Since the optimal function value is generally inaccessi-
ble in submodular maximization, we compute a data-
dependent upper bound on the optimal value for each
problem instance. We define the ratio between the out-
put function value and this upper bound as the em-
pirical approximation ratio. Specifically, we sort the
elements in ground set V' by density p(e;) in decreas-
ing order as {e1,ea,...,e,} where p(e;) > p(e;j1) for
1 < i < n—1. The data-dependent upper bound
is defined as A := 2:11 (i) + (b— E::_ll cle;)) pler),
where 7 is the smallest index such that Y _;_, c(e;) > b.
It is easy to verify that A > f(OPT) by submodular-
ity. Hence, f(S)/A gives an empirical approximation
ratio (Tang et al.l [2021)).

4.1 Movie Recommendation

To effectively promote movies in a movie recommen-
dation system, the system must generate a recommen-
dation list for each user, aiming to maximize user
satisfaction within the user’s budget for purchasing
movies. Following the setting in (Mirzasoleiman et al.|
2016), we consider a movie recommendation system
with a ground set V' consisting of n movies. FEach
movie u € V is represented by a user-rating vector
x, € R?%, where d is the total number of active users
in the system. The similarity score s, , between any
two movies u and v is computed based on their user-
rating vectors using methods such as cosine similar-
ity or Euclidean distance. To maximize revenue, the
price set by the content provider is proportional to the
movie’s popularity. Consequently, the cost (price) of
each movie is defined as the norm of its rating vector,

i.e., c(u) := |xy|. In the real-world scenario, each user
has an expenditure budget b. Therefore, the recom-
mendation list S C V generated by the movie recom-
mendation system must not exceed the user’s budget
b, i.e., ¢(S) < b. Given the similarity scores for all
movie pairs, to measure the quality of a recommen-
dation list S, we use the following objective function:
f(S) = ZuEV Z’UES Su,v ﬁEUES E’UES Su,v where
B € [0,1] is a parameter. The first term measures the
coverage of the recommendation list, while the second
term penalizes the similarity within the recommenda-
tion list, with the penalty controlled by the parameter
B. The goal of the movie recommendation task is to
generate a recommendation list S that maximizes the
objective function f(S) with the knapsack constraint
defined by the user’s budget b, i.e., ¢(S) <b.

Lemma 4.1. (Mualem and Feldman, |2022) The set
function f is non-negative and submodular. If f €
[0,1/2], f is monotone; otherwise, it has a monotonic-
ity ratio of 2(1 — B).

In our experiments, we use the MovieLens dataset
(Harper and Konstan| [2016)), which includes 10,000
movies, to construct the cosine similarity score be-
tween movie pairs.

4.2 Influence-and-Exploit Marketing

With the rise of social media, businesses have found
numerous opportunities within social networks, par-
ticularly in product advertising. Influence maximiza-
tion is one of the most common applications of sub-
modular maximization on social networks (Li et al.|
2018; |Chen et al., 2009). Recently, there has been sig-
nificant interest in monetizing social networks by as-
signing value (potential revenue) to social media users
(Tanase, |2024)). Within a social media network, a pur-
chase by one user influences others in the network to
make similar purchases. For sellers on social media, it
can be advantageous in the long term to offer product
trials to influential users (online celebrities), as these
individuals can spread information about the product
to a wider audience, potentially increasing revenue.
This strategy is known as influence-and-exploit mar-
keting.

We use the setting from (Hartline et al.l [2008]), which
considers a social network with a seller and multiple
potential buyers, denoted by the ground set V. For
any pair of buyers ¢ and j in the network, the weight
w;; on the undirected edge (¢,j) quantifies the influ-
ence between them. A buyer’s decision to purchase an
item is influenced by the set of other buyers who al-
ready own it. Specifically, the potential revenue gener-
ated by buyer ¢ depends on the extent to which he has
been influenced by his neighbors who own the prod-



Partial Monotonicity for Submodular Maximization with a Knapsack Constraint

Movie Rec. (Budget Ratio: 0.1) Movie Rec. (Budget Ratio: 0.3)

IE Marketing (Budget Ratio: 0.1) IE Marketing (Budget Ratio: 0.3)

104
.2 091 oA
3 3
a1 o~
— 08 =1
£ g
= =
g 0.7 g J
sa) 2]
0.6 ]
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
Movie Rec. (Budget Ratio: 0.15) Movie Rec. (Budget Ratio: 0.4) IE Marketing (Budget Ratio: 0.15) IE Marketing (Budget Ratio: 0.4)
104
2094 oA
= =
0~ ~
— 08 =1
£ g
B=] B=]
o7 2|
o E
sa) sa)
0.6 ]
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
Movie Rec. (Budget Ratio: 0.2) Movie Rec. (Budget Ratio: 0.5) IE Marketing (Budget Ratio: 0.2) IE Marketing (Budget Ratio: 0.5)
104
2094 oA
g =
= =
~ ~
— 08 =1
2 2
R=] B=]
2074 2]
g7 E
= s3]
0.6 ]
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
Monotonicity Ratio Monotonicity Ratio Monotonicity Ratio Monotonicity Ratio
—e— Positive Modified Greedy —=*— One Set Enumeration Positive Greedy+Max —e— Deterministic Linear Approximation
=~ Positive Greedy+Max —¥— Sample Greedy Randomized Linear Approximation
—¢— Two Set Enumeration Positive Greedy
Figure 2: The evaluation results for movie recommendation (Movie Rec.) and influence-and-exploit marketing

(IE Marketing) with respect to monotonicity ratios under six different budget ratios.

uct and disseminate information about it across the
network. Let v;(S) represent the value (potential rev-
enue) of buyer ¢ with respect to a selected set S of
influential users.

Under the Concave Graph Model, each user i € V
is associated with a non-negative, monotone, concave
function f;. The value of buyer i is then defined as
vi(S) := fi(32jes wij) for i € S where w;; = 0 if there
is no edge (4, 7) in the network.

Additionally, there is an advertising cost ¢ for each user
i € V, and the total cost of advertising to the selected
influential users S must not exceed the budget b of the
seller, i.e., ¢(S) < b. Given a set of influential users
S, the total revenue function is the aggregate value
of all buyers except those in S, expressed as f(S5) :=
2icv\s Vi(S). This means that the revenue comes
from all buyers except the influential users in S, who
receive free products.

In our experiments, we introduce a relaxation on the
total revenue function. Suppose the product, such
as a high-quality entertainment video, could be of-
fered partially to users. Instead of giving full prod-
ucts to influential users for free trials, the seller could
provide partial products with a percentage denoted
as 3. Then, the total revenue function is defined
as f(S) == D> ey vi(S) = B cqvi(S). In the ex-
periments, we set f;(x) z. The objective of the
influence-and-exploit task is to select a set of influen-
tial users S by offering them free partial products to
maximize the potential revenue f(S) generated from
all buyers in the social network, while adhering to the
seller’s advertisement budget b, i.e., ¢(S) < b.

Lemma 4.2. The objective function f for the
influence-and-exploit marketing problem is 1) non-
negative 2(1 — B3)-monotone submodular when 3 €
[1/2,1]; 2) non-negative monotone submodular when

Bel0,1/2].
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Please refer to Appendix [J] for the proof. In our
experiments, the weights are generated on a graph
based on top 5,000 communities of Youtube (Yang and
Leskovec, 2012)) using a uniform distribution in the
range [0,1]. The cost of a vertex is the total weight of
the edges incident to it.

4.3 Evaluation Results

Define the budget ratio b’ as the ratio between the bud-
get b of a knapsack constraint and the total cost of el-
ements in ground set V, i.e., b’ :=b/ 3" .y c(e). Since
the cost scales of the two aforementioned applications
are different, we conduct these two experiments with
the same budget ratios instead of budget values.

For each application, we construct problem instances
with different monotonicity ratios by specifying the
parameter S and different budget ratios. The evalu-
ation results are illustrated in Figure [2, where each
column corresponds to a distinct budget ratio and
each row represents a distinct application. When the
monotonicity ratio is relatively low, Sample Greedy,
Deterministic Linear Approximation and Randomized
Linear Approximation achieve competitive empirical
approximation ratio compared to other algorithms in
most cases. However, as the monotonicity ratio in-
creases, the performance advantage of these three al-
gorithms gradually diminishes. This trend aligns with
our theoretical results, as shown in Figure

5 DISCUSSION

One can combine the analysis of the measured con-
tinuous greedy algorithm (MCG) for m-monotone
submodular maximization in (Mualem and Feldman|
2022) with the contention-resolution rounding schemes
(CRS) in (Chekuri et all) 2014)). Specifically, MCG
produces a fractional solution & over a down-closed
polytope P C [0,1]V whose value of multilinear exten-
sion F'(+) of the submodular function f satisfies F(Z) >
a(m)f(OPT) where a(m) := m(1—e 1)+ (1—m)e .
Since the polytope induced by a knapsack constraint
is down-closed, this result could be applied to the m-
monotone submodular maximization with a knapsack
constraint problem. Using a (1 — ¢,1 — ¢)-balanced
CRS for constant-dimensional knapsack polytope ac-
cording to (Chekuri et al.l 2014]), we can round the
fractional solution Z into a discrete solution S such
that f(S) > (1 — O(e))a(m)f(OPT). Hence, we ob-
tain an approximation ratio arbitrarily close to a(m)
for the m-monotone submodular maximization with a
knapsack constraint problem. We call the combination
of the MCG algorithm and the (1 — ¢, 1 — £)-balanced
CRS as the MCG+CRS algorithm.

The approximation ratio of the MCG+CRS algorithm
is stronger than the approximation ratio curves of the
PF-respecting greedy algorithms in Figure How-
ever, this does not make our work trivial. In this
paper, we focus on simple combinatorial algorithms
with relatively low query complexity instead of contin-
uous methods. The MCG+CRS algorithm has much
higher query complexity than the PF-respecting al-
gorithms due to (i) multilinear-extension evaluation
(often via sampling) during the continuous phase,
and (i) knapsack rounding procedures that may in-
volve partial enumeration of large items. In con-
trast, our PF+RL growth template theorem yields PF-
respecting greedy algorithms with at most O(n*) query
complexity, and standard thresholding techniques can
further accelerate them to at most O(n3) query com-
plexity. Empirically, these PF-respecting greedy algo-
rithms are easy to implement and often competitive
in partially monotone submodular maximization with
a knapsack constraint problem instances, even though
their worst-case approximation ratios are weaker than
a(m). Hence, continuous algorithms are usually less
desirable in practice despite their strong approxima-
tion ratios and the PF-respecting algorithms are more
practical in real-world applications.

Recent work develops deterministic frameworks for ex-
tended multilinear optimization that can substantially
reduce or eliminate Monte Carlo evaluation overhead
for certain constraint families like matroids (Buch-
binder and Feldmanl, |2025)). Incorporating these deter-
ministic frameworks could potentially lower the query
complexity of the MCG+CRS algorithm. However,
these deterministic frameworks are not directly tai-
lored to the knapsack polytopes. Adapting these
deterministic frameworks to the MCG+CRS algo-
rithm for m-monotone submodular maximization with
a knapsack constraint is still technically nontrivial.
Since this method is beyond the scope of this paper,
we view it as a promising future direction to design ap-
proximate algorithms that simultaneously achieve an
approximation ratio arbitrarily close to a(m) with at
most O(n?®) query complexity.

6 CONCLUSIONS

In this work, we propose a novel PF4+RL growth tem-
plate theorem to close the gap between monotone
and non-monotone submodular maximization with a
knapsack constraint by deriving approximation ratios
as a function of the monotonicity ratio m. Enforc-
ing positive-marginal filter yields five PF-respecting
greedy algorithms with provable m-dependent approx-
imations that extend over prior constant approxima-
tion ratios. Experiments on two applications indicate
the informativeness of our theoretical results.
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Supplementary Materials

A Discussions on Technical Distinctions

Our work extends the applicability of five well-known algorithms from the classical setting of monotone sub-
modular maximization with a knapsack constraint to a broader setting in which the objective function exhibits
partial monotonicity by enforcing positive marginal gain. Although our analytical framework retains the over-
all structure of prior work, the lack of a monotonicity assumption introduces new difficulties in the analysis,
causing portions of the original arguments to break down. To overcome these difficulties, we substitute the
monotonicity-based inequality with monotonicity-ratio-based inequality, discuss different cases determined by
the value of monotonicity ratio and analyze the behavior of selected elements with negative marginal gains.
Depending on the context, we either obtain generalized versions of prior results or develop entirely new argu-
ments. Additionally, we introduce a dummy element to guarantee the budget violation condition always holds
(this condition holds under monotone case but may not hold under non-monotone case) and leverage case-based
reasoning to handle complicated scenarios caused by different values of monotonicity ratio. These techniques
collectively form a unified analytical framework for submodular maximization with a knapsack constraint under
partial monotonicity.

B Useful Lemmas

In the following, we derive the monotonicity ratio of a special set function. If f(S) is a non-negative monotone
submodular function, its residual function gy (S) := f(YUS)— f(Y) given a base set Y C V is also non-negative,
monotone and submodular. However, if f is m-monotone where m < 1, we cannot derive a meaningful closed-
form expression for the monotonicity ratio by directly incorporating the monotonicity ratio m into the residual
function gy (S) := f(Y US) — mf(Y). To address this issue, we introduce a hyper-parameter A > 1 (whose
value will be determined later) and focus on the residual function gy (S) := f(Y US) — & f(Y) depending on
hyper-parameter .

Lemma B.1. Let f be a non-negative, m-monotone submodular function and let A > 1 be a hyper-parameter
(to be determined later). For any set Y C V, define the residual function gy (S) := f(SUY) — R f(Y). Then
gy 1s non-negative, m'-monotone and submodular where

1, fA=m=1,

mc—m .
m+ ———, otherwise.
A—m

Proof. If A = m =1, then gy (S) = f(SUY) — f(Y). Since f is monotone (m = 1), it follows that gy (S) > 0
and gy is also monotone. Submodularity of f implies that gy is submodular.

In the remaining proof, assume A # m and m # 1.

Since function f is m-monotone, function gy (S) is non-negative since f(SUY) > mf(Y) > T f(Y) for any
subsets S, Y C V.

f(TUY)
f(SUY)

. f(SuY)
and ¢ := )

Given any two subsets S CT CV, let s := , it follows that

gy(T) f(TUY)-=2fY) stf(Y)-3f(Y) st—%

gy(S)  FSUY)=Rf(Y)  tf(Y)-Ff) t-%

By the definition of monotonicity ratio, it holds that s > m, ¢t > m and st > m.
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Case 1: If t > 1, since s > m, it holds that

g (1) _st—% _mt-% m-%

By
gy (5) -5 t-5% " 1-%

Case 2: If t < 1, it holds that

gy(T) _st—%  m-% _m-%
g9v (5) -5 t=-% " 1-%
Define m’ := T%Zn =m+ ”;\2:7;" Combining the results of Case 1 and Case 2, we conclude that for any two

A
subsets S C T C V, it holds that gy (T) > m/gy (5).
Given any two subsets S C T C V and element « € V' \ T, it follows that

gy (@ | S) —gv(@|T)=gy(SU{z}) — gy (S) — gy (T U{z}) + gv(T)
=f(SU{z}UY) - f(SUY)— f(TU{z}UY)+ f(TUY)
=f(x|SUY)—f(z|TUY)>0

where the last inequality holds due to the submodularity of function f. Hence, gy is submodular. O

Lemma B.2. (Corollary 2.2 in (Mualem and Feldman, |2022)) Let f be a non-negative m-monotone submodular
function. For any deterministic set O C 'V and random set D C V', it holds that

E[f(OuUD)] > <1 —(1—=m)maxPfu € D}) f(O).

ueV

C Details of Theoretical Results

m2—m

A—m
B in our analysis. A trades off inherited monotonicity from the base set vs. slack to avoid over-penalizing
densities. m’ increases with A and equals 0 when A = 1.

For simplicity, we denote o :== 1—e™!, m’ := m+ and use the hyper-parameter A > 1 defined in Lemma

C.1 Proof of Theorem [3.1]

Proof. For the fixed seed Y and parameter A > 1, consider the residual g(5) := gy (S) = f(SUY) — L f(Y)
where S C V'\ Y. By Lemma g is nonnegative, submodular and m/-monotone with

) {1, A=m=1,
m = 2

m+ 5—"", otherwise,

and m’ is non-decreasing in m for each fixed A. In particular, since g is monotone it follows that any PF-respecting
growth rule can be analyzed on g using standard monotone knapsack arguments.

Let OPT, denote an optimal solution for the residual problem instance (V'\Y,¢,b—¢(Y)) with objective g. Let
SR denote some candidate solution among some greedy algorithm R (e.g., positive modified greedy, positive
greedy+max, two set enumeration positive greedy, one set enumeration positive greedy+max and sample greedy)
by setting objective function as g and initial solution as Y . Since g is m/-monotone and submodular, there

exists some constants ag > 0 and Sz > 0 such that
9(Soue) = ar - g(OPTy) + Br - g(Y). (4)

For concrete theoretical results in Appendix [C| we have (i) ag = /2 with a =1 — 1/e and Sr = 0 for PMG;
(ii) agr = 1/2, fr = 0 for PG+Max; (iv) ag = 1 —1/e, fr > 0 for 2EPG; (iii) ag equals the constant
in the analysis of one-set enumeration algorithm for monotone case (Feldman et all 2023) and Sr > 0 due
to explicit seed comparison for IEPG+Max. Intuitively, ar is similar to the approximation ratio derived for
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monotone submodular maximization with a knapsack constraint and Sr captures explicit seed dividends for the
enumeration-based algorithms (|Y| € {1,2}).

By the definition of g and Inequality (), it follows that f(S%, UY) =3 f(Y) > ag (f(OPT,UY) — L f(Y)) +

out

Br (f(Y) = Rf(Y)) = arf(OPT,UY) + (Br — ar) (1 = &) f(Y). Let Br(m,A) := (Br — ar) (1 — §). Then

we have

f(SR,UY) > ar f(OPT,UY) + Br(m,A)f(Y). (5)

For |Y| € {0,1,2}, there exists at least one subset Y such that Y C OPT since 1) # C OPT when |Y| = 0; 2)
enumerating any subset with size |Y'| € {1,2} guarantees the existence. For simplicity, we still use Y to denote
the seed subset such that Y C OPT. Hence, it follows that f(OPT,UY) > f(OPTUY) > mf(OPT).

Let Sout be the final output of some PF-respecting algorithm. Since the PF-respecting algorithm returns the
best among its candidates, it holds that

f(Sout) = F(SFUY) . (6)

Combining Inequality and Inequality @ we obtain

F(Sout) = f(Sg UY) 2 arm [(OPT) + Br(m, A) f(Y).

=:A(m,\) =:B(m,\)

In the technical details of Appendix [Fl [Gl H] the closed form details are given per instantiation. O

Leveraging Theorem we obtain closed form approximation ratios with respect to monotonicity ratio per
instantiation in the remaining part of Appendix [C]

C.2 Positive Modified Greedy

Theorem C.1. Positive Modified Greedy (Algorithm @) achieves an approzimation ratio of max{ma/2
,maxy>1{hy(m)}} for mazimizing a non-negative m-monotone submodular function with a knapsack constraint

where
om0 (L)

— ma/2 /', mao/2 112
) m(A-1) / [ A
,8 0.3 T“dx)\zl{)\er()\—l)—m} L 0.3 1 an)‘zl{hl (Tn)} 1.11
<
] ) .
‘j -== maxy {% (1—%)} 1.10 <
S =
2 0.2 0.2 1.09 £
: £
8 108 O
20.1 0.14
2 1.07
<t
1.06
0.0 0.0 1
T T T T T T T T T T T T 1.05
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Monotonicity Ratio Monotonicity Ratio

Figure 3: Comparison of Approximation Ratios and Optimal A\. This figure compares the approxima-
tion ratio ma/2 (blue solid line) and maxy>1{h?(m)} (which is plotted as a segmented line) across different
monotonicity ratios (m). The left panel highlights the two components of maxy>1{h?(m)}, while the right panel
highlights the optimal A values.

We illustrate in Figure [3| the approximation ratio with respect to the monotonicity ratio in Theorem As
hy(m) is defined as the minimum of two expressions, we use two line styles to distinguish the intervals where
each term is selected by the min operator. The left panel depicts maxy>1{h7(m)}, where the red solid line

corresponds to the interval where +m(A_1)

XEmO—T)=m is smaller, while the green dashed line corresponds to the interval
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where mT2 (1 — ﬁ) is smaller. This distinction highlights the necessity to include both expressions within h7 (m).

The right panel depicts the optimal A value that maximizes h?(m) for each monotonicity ratio m. Since the
optimal \ varies with m, the inclusion of the max operator over \ is important to capture the best approximation
ratio across all monotonicity ratios. From both panels, we observe that the two terms: ma/2 and maxy>1{h7(m)}
does not dominate each other. For relatively small values of m, ma/2 yields a higher approximation ratio. For
relatively large values of m, maxy>1{h}(m)} becomes dominant. Therefore, combining these two terms using
max operator is necessary for the final approximation ratio of the Positive Modified Greedy algorithm.

C.3 Positive Greedy+Max

Theorem C.2. Positive Greedy+Mazx (Algorithm@ achieves an approzimation ratio of m/2 for mazimizing a
non-negative m-monotone submodular function with a knapsack constraint.

C.4 Two Set Enumeration Positive Greedy

Theorem C.3. Let ta(m,m',\) := 2 — 2a + M and «qp = %{W ~ 1.195. Two Set Enumeration
Positive Greedy (Algorithm achieves an approximation ratio of maxy>1{h3(m)} for maximizing a non-negative

m-monotone submodular function with a knapsack constraint where

o (Case 1:

BA(m) = am/, m € [my, ma]
am’ +ta(m,m';\), otherwise

__ A(sa+2—v=24a7x¥25a7—da+1) d _ M(sat24+v=24a2x¥25a7—da+1)
my = I(artD) ang msz 1= I(art D)

Zfl S A é Qo
o Case 2: hy(m) := am’ +ta(m,m'; \) if A\ > ap.

The Two Set Enumeration Positive Greedy algorithm not only runs the greedy procedure starting from all
possible initial solution sets of size two (line [4f of Algorithm , but also identifies the single element with the
maximum function value (line [1f of Algorithm. Therefore, its approximation ratio is at least as good as that
of the Positive Modified Greedy algorithm. Consequently, the approximation ratio of the Two Set Enumeration
Positive Greedy algorithm can be improved to max{maxy>1{h3(m)}, ma/2, maxy>1{h?(m)}}.

0.6

0.6 7 —— max{ma/2, maxy>{h}(m)}} max{ma/2, maxys1{h(m)}} 1.18

—— maxy> {am'} 0.5 4 — max)\zl{hé(m)}

=== maxy>i{am + t2(m,m’, \)}

0.4 1 114 <
TES
0.3 112 -2
S
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0.0 4 1.06

T T T T T T T T T
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Figure 4: Comparison of Approximation Ratios and Optimal A. This figure compares the approximation
ratio max{ma/2, maxy>1{h}(m)}} (blue solid line) and maxy>1{h3(m)} (which is plotted as a segmented line)
across different monotonicity ratios (m). The left panel highlights the two cases of maxy>1{h3(m)}, while the
right panel highlights the optimal A values.

We illustrate the approximation ratio max{maxy>i{h3(m)}, ma/2, maxy>1{h7(m)}} in Figure The left
panel depicts maxy>1{h3(m)}, where the red solid line corresponds to the interval where maxy>i{h3(m)} =
maxy>1{am’} and the green dashed line corresponds to the interval where maxy>1{h3(m)} = max,>1{am’ +
to(m,m’,\)}. This distinction highlights the necessity to include both components within h3(m). The right
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panel depicts the optimal A values that maximizes hj(m) for each monotonicity ratio m. Since the opti-
mal A\ varies with m, the inclusion of the max operator over \ is essential to capture the best approxima-
tion ratio across all monotonicity ratios. From both panels, we observe that for relatively small values of m,
max{ma/2, maxy>1{hq(m)}} yields a higher approximation ratio. For relatively large values of m, max>1 {am’}
and maxy>1{am’ + ta(m, m’, \)} becomes dominant over max{ma/2, maxy>1{h7(m)}} intermittently. There-
fore, combining these terms using max operator is necessary for the final approximation ratio of the Two Set
Enumeration Positive Greedy algorithm.

C.5 One Set Enumeration Positive Greedy+Max

Theorem C.4. One Set Enumeration Positive Greedy+Mazx (Algorithm@ achieves an approrimation ratio of
maxAZl{hg\(m)} for mazximizing a non-negative m-monotone submodular function with a knapsack constraint
where

m' m(2-—m)
hA — . e / .
3(m) mln{ 5 + — g ma
Since the inner loop of the One Set Enumeration Positive Greedy+Max algorithm is exactly the Positive
Greedy+Max algorithm, the approximation ratio of One Set Enumeration Positive Greedy+Max is at least

as good as that of Positive Greedy+Max. Consequently, the approximation ratio of the One Set Enumeration
Positive Greedy+Max algorithm can be enhanced as max{maxy>1{h3(m)}, m/2}.

067 m/2 067 m/2
5 057 mas {1+ 5 054 — maxii{h3(m)} / '
& === maxys{ma}
= 0.4 = 0.4 14 <
2 =
Z
= 0.3 34 g
g 0.3 0.3 13 ﬁ
=
2 0.2 0.2 o
2 1.2
< 0.1 1 0.1

1.1
0.0 4 0.0 A
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Figure 5: Comparison of Approximation Ratios and Optimal A. This figure compares the approxi-
mation ratio m/2 (blue solid line) and maxy>1{h3(m)} (which is plotted as a segmented line) across different
monotonicity ratios (m). The left panel highlights the two components of max>1{h3 (m)}, while the right panel
highlights the optimal A values.

We illustrate the approximation ratio max{maxy>1{h3(m)},m/2} in Figure The left panel depicts
maxy>1{h3(m)}, where the red solid line corresponds to the interval where maxy>1{h3(m)} = max,\zl{%' +

m(QS;/\m/)} and the green dashed line corresponds to the interval where maxy>1{h3 (m)} = maxy>1{m’a}. This
distinction highlights the necessity to include both components within hg(m) The right panel illustrates the
optimal A values that maximizes h§ (m) for each monotonicity ratio m. Since the optimal A varies with m, the
inclusion of the max operator over A is essential to capture the best approximation ratio across all monotonicity
ratios. From both panels, we observe that for relatively small values of m, m/2 yields a higher approximation
ratio. For relatively large values of m, max>1{h3(m)} becomes dominant over m/2. Therefore, combining these
two terms using max operator is necessary for the final approximation ratio of the One Set Enumeration Positive
Greedy+Max algorithm.

C.6 Sample Greedy

Theorem C.5. Let ty(m) = /(m —2)(m —1)4+m and § € (0,1/5) be a small positive number. Sample Greedy

(Algorithm@ achieves an approzimation ratio of hy(m) for mazimizing a non-negative m-monotone submodular
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Sfunction with a knapsack constraint where

(m+1)/6, mel[l/5,1]

h4(m) = (t4(m) - 2) t4(m) - 1) .
- () —m —0(9), otherwise.

When setting p = 1, Sample Greedy Wi-th P reduces to Positive Modified Greedy. Hence, the approxi-
mation ratio of the Sample Greedy algorithm is at least as good as that of the Positive Modified Greedy
algorithm. Consequently the approximation ratio of the Sample Greedy algorithm can be enhanced as
max{hy(m), ma/2, maxy>1{hy(m)}}. Furthermore, it is easy to verify that “F > & for all m € [0,1].
Hence, we could further simplify the approximation ratio of Sample Greedy as max{h4(m), maxy>1{h?(m)}}.

1naXA21{hT(m)}
11— ha(m)

Approximation Ratio

0.0 9

0.0 0.2 0.4 0.6 0.8 1.0
Monotonicity Ratio

Figure 6: Comparison of Approximation Ratios. This figure compares the approximation ratio maxy>1{
hy(m)} (blue solid line) and hs(m) (green solid line) across different monotonicity ratios (m).

We illustrate the approximation ratio max{hs (m), maxy>1{h?(m)}} in Figure @ When m is relatively small,
ha(m) is larger than maxy>1{h7(m)}. When m is relatively large, maxy>1{h7(m)} is larger than hy(m). This
indicates the necessity of including these two terms in the final approximation ratio.

D Analysis of Positive Modified Greedy

In this section, we give analysis of approximation ratio for Positive Modified Greedy (Algorithm .

Let f be a non-negative m-monotone submodular function with ground set V. Let OPT be the optimal solution
set with maximum function value, i.e., f(OPT) = maxgcy,(s)<p f(S). Positive Modified Greedy (Algorithm
makes one call to Positive Greedy (Algorithm [1)) to generate the greedy solution sets S;(0 < i <1). Let u; be
the element considered at each step with maximum density and added into the current solution set S;_1, i.e.
Si = Si—1 U {u;}. Let v* := argmax,cy f(v) and Sy := argmaxge s, (o=} f(S) be the greedy solution set with
maximum function value.

Let 01 be the first element in OPT that is considered by the greedy heuristic but not added to the greedy
solution set S, due to budget violation, i.e., ¢(Sq) + c¢(01) > b where 1 < ¢ < [. If 01 does not exist, we split
into two cases. On the one hand, if OPT C S5, it follows that f(Sg) > f(S;) = f(OPT), which is consistent
with Theorem [C.1] On the other hand, if OPT ¢ S;, i.e., OPT \ S; # (), it holds that Ve € OPT \ S; s.t.
cle) + ¢(S;) < band f(e | S;)) < 0. By submodularity and definition of monotonicity ratio, it follows that
mf(OPT) < f(OPTUS) < f(S) + Xccorms, fle | S1) < f(S)) < f(Sg), which is also consistent with
Theorem [C.I] Hence, in the remaining part of this section, we assume that o; exists.

Define the greedy solution sets S} := 9;(0 < i < ¢) and S('H_1 = 5;U{o1} where v} := S;\Si-1 =u; for 1 <i<gq
o for 0<i < g+ 1.

Lemma D.1. For 1 <i<qg+1, it holds that

and uy; :=o01. Let a; :=

me(u))

f(87) —aif(Siz1) = [f(OPT) — i f(S;_4)]-
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Proof. According to the definition of m-monotonicity and submodularity, it holds

mf(OPT) = f(S;_,) < f(OPTUS] )= f(S;_))< > fle|Si_y) <b-pu;| S| ,).

e€OPT\S!_,

Since f(u} | Si_;) = f(S)) — f(S]_1), we have
S8~ F(S11)

c(u;)

mf(OPT) — f(S;_,) <b-

The result is obtained by rearranging the inequality. O

Lemma D.2. For 1 <i<q+1, it holds that

Z H (1 = B;)f(OPT)

=1 k=j+1
g mec(up) _ _ C(u )
where B; =1 5 and v; == o - B =1 — .

Proof. According to Lemma[D:1] it holds

F(S1) = s (S)-) + f( )= 00 (81-1) 2 el (S1y) + "V 1Oy sy
‘“( )f + M) FOPT) = - £(SL0) + (1 ) S(OPT).

by definitions of 8; and ;.
This inequality could be used recursively until f(S57), i.e

F(S) =i f(Siz1) + (1 = B;) - f(OPT)
f(SiZ1) 2 vie1 - f(Si—) + (1 = Bi—1) - f(OPT)

f(S1) > - f(Sp) + (1= B1) - f(OPT)
—(1- B J(OPT).

Combining these inequalities together by multiplying H;C: 17 for each f(S7) 1 <j <i—1, we have
FOS) = | (A= B) +7i - (1= Bicy) +vivicr - (1= Bica) + -+ + H (1= p1)| - f(OPT)

k=2
=> II »0-3)f0OPT).

j=1k=j+1

O

Theorem D.3. Positive Modified Greedy (Algorithm@) achieves an approximation factor of m(1 —e~1)/2 for
mazrimizing a non-negative m-monotone submodular function with a knapsack constraint.

Proof. Using Lemma [D.2] by setting ¢ = ¢ + 1, we have

g+l q+1

i) =D T (= 8;)f(OPT).

J=1lk=j+1
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Let ¢, := HZJF; i, for w € [1,¢ + 1] and ¢4y2 = 1. Then it holds that ¢ - Yw—1 = Puw—1 for 2 <w < g+1
(¢pit1 = 1) and {¢, } is a non-decreasing sequence.

Using results above, it holds that

g+l gq+1 q+1 q+1
> M1 wt-8) = tml-5) = Yoy metuy)
j=1k=j+1 j=1
q+1 q+1 q+1
*Z¢3+1 m(l—n;) = Z¢J+1 Z¢] =m-(1—¢1).
j=1

According to the definition of g, it follows that D := EQH c(ug) = ¢(Sq4+1) > b. For term ¢4, it follows that

g+1 g+1 c(uk) g+1 c(uk) 1 q+1 .
om0 )

k=1 k=1 k=1
where the first inequality holds since for xq, - - € RT such that Z:;l x; = D, the multivariate function
1 -1, (1 — %) achieves its minimum when xl =z, = D/n.

Hence, we have

g+l g+1

) =TT w(@=B)f(OPT) = m(1 — ¢1)f(OPT) > m (1 — e ') f(OPT).

j=1k=j+1

By submodularity, it follows that

F(Sg) +max f(e) = f(Sg) + flor) = f(S5) + flon | Sg) =m (1 - ™) f(OPT). (7)

Since Positive Greedy constructs solution set by selecting elements with positive marginal gain, it holds that
f(Sg) > f(S;). By definition of Sy, it holds that f(S,) > max.cv f(e). Combining these two inequalities and
Inequaity (7] . we obtain that

75 2 1/2(£(57) 4 ma () = 5 (1= ) FOPT)

O

By far, we have obtained one part of the approximation ratio (ma/2) in Theorem Next we aim to prove
another part of approximation ratio denoted as hy (m).

Lemma D.4. For any two subsets S CT C V, it follows that

max LELS)

f(T15)
teT  cft) '

e(T)

Proof. Denote T'\ S :={t1,--- ,t,}. By submodularity, it follows that

f(T)8)= th 1SU{t, 1)) = Z (t )'f(ti|SU{t1,...,ti_1})

i=1 c(tl)
t S t - t]S
= Z ‘ ) < max ! o ;C(ti) = elT) - max f(c(t) .
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Lemma D.5. Given any element set T, it holds that
c(T
sispzm (1-L2) s,

Proof. f T C S}, we have f(S;) > mf(T) due to m-monotonicity of submodular function f.

T ZS, ie, T\S; #0. Let S be the element set constructed by the greedy heuristic when the first element
from T is considered but not added to Sy due to budget constraint (meaning that all elements in 7" can be
added into previous solution set). If such element does not exist due to negative marginal gain, it means that

Ve e T\ S, s.t. c(e) +¢(S;) <band f(e]S;) <0. Under this condition, it follows that

mf(T) < F(SIUT) < F(S)+ Y. flelS) < £(S),
e€T\S;

which also proves the conclusion.

By submodularity and greedy heuristic, we have

f(T" | Sk)
p(ur | So) = p(ug | S1) = -+ = p(ue | Se—1) 2 JgéaT%P(U | Sk) = a1 (8)
where 7" := T'\ Sy and the last inequality holds according to Lemma
According to definition of m-monotonicity, we have
mf(T) < f(T"USk) = f(Sk) + f(T"| Sk). (9)
Using Inequality (8)), it holds that
f(Sk):zk: Flui | Sioy) zk:c u|51>zk:c M:dsk)-M (10)
i=1 T i=1 LT i=1 ") e(T")
Let uy denote the element in 77 abandoned by Sy due to budget violation, it holds that
c(Sk) + e(T") > ¢(Sk) + c(ug) > b. (11)

Combining Inequalities @ , we have

s 2 1650 2 m (1- 1)y

Let OPT1 = OPT\ (Sq U {01}).
Lemma D.6. For the final solution set S, it holds that

F(S) > 22 F(8,) +m! (1 _ C(Sq)> [f(OPT1 US,) — %f(Sq)}

b —c(S,)

where m' = m + ”f\Q:nT is defined in Lemma .

Proof. According to Lemma it holds that gs, (S) := f(SUS,;) — Ff(S,) is a non-negative m'-monotone
submodular function. Using Lemma [D.5 we have

f(S1) = f(S1usy) - f( o) T f(Sq) f( 2) T 95,51\ Sq) (12)
£(S0) +m ( OPTI)

\Y
>| 3

g9s,(OPTY) (13)

q
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where S; C 5.
Furthermore, by definition of S, and o1, it holds that if ¢(S,) +¢c(01) > b and OPT; = OPT\ (S,U{01}). Hence,

it follows that c(o1) + ¢(OPT1) < ¢(OPT) < b, implying that ¢(OPT1) < ¢(S,) since ¢(Sy) + c(o1) > b. By
plugging the result into Inequality , we have

m

F(S1) = S F(Sy) +m’ (1 _ c(0PTy)

b—c(S,)
_ c(Sq)
b —c(Sg)

) gs,(OPTY)

m

>~ f(Sy) +m' (1

2\ ) . [f(OPTl U Sq) - %f(sq)} .

O

For Positive Greedy, an element u picked due to maximum density can be dumped because budget violation
c(u) + ¢(S;) > b given the current solution set S;. Define A; as the abandoned element set at time when S; is
constructed from S;_1.

Lemma D.7. For any greedy solution set S; and element set T such that T N A; = 0, it follows that

sz m|1-ew (450 | ),

Proof. If f(S;) > f(T'), the lemma holds since 1 —e~? € [0,1) when z € [0,00) and m € [0, 1].
If £(S;) < f(T), we have
miT) S JTUS) A0+ 5 Sl S) =150+ 3 el LI

veT\S; veT\S;

where the first inequality holds due to definition of monotonicity ratio and the second inequality holds by
submodularity. According to the greedy heuristic (choosing element with maximum density), for any j < i and
v e T\ S;, we have

fv]55)

c(v)

fujr1|S))

c(ujt1)

>

Combining this result with previous inequality, it follows

mf(T) < f(S)+ Y elv) ===

veET\S;

< p(s + L 15) 5~

c(uit1) vET\S;
f(uiy1 | Si) .
c(uit1) T)

Sz) + f(SH-l) — f(Sz) . C(T)

< f(Si) +

c(uit1)

f(
A0\ g4 D s
(1 C(U'H-l)) (S + (tis1) f(Sit1)-

which could be rewritten as

mf (1) = £(50) < (1= L) () - 150 (1)

Using inequality 1 —z < e™*, we have 1 — C(:(iqf)l) < exp (—%) Apply it into Inequality 7 it follows that

(@) - 55 < (1= L) ) - pes0) < oo (- L) ) - g o)
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By applying Inequality recursively, it follows that

c(u;)
e(T)

mf(T)—f(5i) < exp (— ) [mf(T) = f(Si-1)] < exp (—(.

which could be simplified as

) > _ _
1652 m 1 - (525 )| 10
O
Lemma D.8. For the greedy solution set Sg, it holds that
f(Sq) >m {1 — exp (_ciﬂ])ﬂ f(OPT).
Proof. According to the definition of Sy, it follows that OPT N A, = 0.
Using Lemma we have
c(Sq)
>m|l— - 4 PT).
80 2 m |1 o (- 5] rioPT)
Using the fact that ¢(OPT) < b where b is the budget of problem instance, we have
c(Sq) c(Sq)
f(Sg) =m [1 — exp <_c(OF?T)>} f(OPT) >m [1 — exp <_bq f(OPT).
O
Lemma D.9. Leta = %, x] = f{é%%) , Ty = f(?(gjl;lTl‘)%) and x3 = @, It follows that f(S4) > o* f(OPT)
where a* is the minimum of the following mathematical programming with respect to o, x1, T2, T3
min «
s.t. o> (16)
0421—301—362 (17)
m x3 m
> — "1 — - —
o2 Moot 2 e (1) o
x1 >m(l—e ) (19)

a,z1,x3 € [0,1]  z2 € [-1,1].

Proof. Since f(S;) > f(Sy) by positive marginal gain condition, it follows that a > x1, which corresponds to

constraint .

Since f(Sg) > maxccy f(e) > f(o1) > f(o1 | Sq), it follows that o = f{(oig%) > J;(((&L”?f?)) Plus the fact that
f(Sq)+ f(OPTy | Sq)+ f(o1 | Sq) > f(OPT) by definition of OPT} = OPT\ (S, U {01}) and submodularity, we

have a > 1 — 21 — @2, which corresponds to constraint ((17)).
Using Lemma we have

£(Sq) = m {1 —exp (_C(cé%%)ﬂ f(OPT) > m {1 —exp (_ ﬂ F(OPT).

Dividing both sides with f(OPT), we have 21 > m(1 — e~*#), which corresponds to constraint (19).

Since ¢(Sg) + ¢(01) > b, using Lemma [D.6] we have
c(Sq)

b—c(Sq)

m c(Sq) m

=St 4t (1= 725 [r0rmi s+ (1-3) 165

c(Sq)
b

sz S+ (1 220 [roPniusy) - 5 5]

A
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Dividing each side with f(OPT), we have

o2 Foven (112 o (12 3) ],

which corresponds to constraint .

Due to the non-negativity of function f and cost function c, it follows that «, x1,x3 > 0. By definition of OPT,
it follows that o, z1 < 1. Since ¢(S,) < b, it holds that z3 < 1. By submodularity, it holds that

fOPTh | 55) _ f(OPT\ {o1})

= <1
27 TR 0PT) FOPT) =
By the definition of monotonicity ratio, it holds that
2y = f(OPT | Sy) > (m —1)f(S,) Sm—1>—1.
f(OPT) f(OPT)
Hence, z5 € [—1,1].
Lemma D.10. Define dy(z3) = —m?m'? — 2m?m’ + m? + z3(—4m*m’? + m?) + x5 - (4m?*m'? — 2m?) +

(=Am/ + 2m?m/) e™* where x5 € [0,1/2], m is monotonicity ratio and m’ is defined in Lemma .

1. If there exists only one zero x% such that da(xs) = 0, it holds that dy(x3) > 0 when x3 € [0, z3] and da(x3) < 0
when x3 € [x3,1/2].

2. Otherwise, either dq(z3) > 0 or dy(z3) <0 for x5 €[0,1/2].

Proof. Define the coefficients of 3 and e*® in dy(x3) as follows:

a = —4m?*m/? + m? = m*(1 — 4m/?),
b= 4m*m’? — 2m? = 2m?(2m’* — 1),
c=—m*m? = 2m*m/ + m? = m?(—-m"? - 2m/ + 1),

d= - m' +2m?*m’ =m/(2m?® — \).
Using these notations, we have dy(z) = ax?® + bx + ¢ + de® and d)j(z) = 2ax + b + de®.

If there exists only one zero * such that d4(z*) = 0, we need to prove that dj(z) < 0, meaning d4(x) decreases
over z € [0,1/2]. Hence, it follows that d4(z3) > 0 when x5 € [0, 23] and d4(z3) < 0 when z3 € [x%,1/2], which
is consistent with the first part of the claim.

According to definition of zero x*, it holds d4(2*) = 0, which is equivalent to
a(x*)? + ba* + ¢ = —de” . (20)
The symmetric axis of left hand side of Equation is

b 2m?(2m™? —1)  2m”? -1
r= —-— = — = .
2a 2m2(1 —4m'2)  4m/2 —1

By spliting the range of m'? into three cases, we observe that

1. If m < 1 it follows that @ > 0 and 1 — 4m’2 < 1 — 2m’2, i.e., symmetric axis z = 27-=1 > 1. Hence
) ) y ?

1 am?—1
az? + bx + ¢ decreases over z € [0, 3].
2. If m? € (%,1], it follows that a < 0 and 4m'?> — 1 > 0 > 2m’? — 1, i.e., symmetric axis z = i:gij <0.

Hence, az? + bx + ¢ decreases over z € [0, 3].
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3. If m™ € (3,1], it follows that @ < 0 and 4m/? — 1 > 2m/2 — 1 > 0 and 4m/? — 1 > 4m/? — 2, i.e., symmetric

axis x = 4m,271 € (0, %) Hence, az? + bz + c first increases and then decreases over x € [0, %]

By spliting the range of m? into two cases, we observe that

1. If —d=m'(\ —2m?) >0, i.e., m? < %7 —de® increases from —d to —d+/e.
A
2

2. If —=d =m/(A —2m?) < 0, i.e., m? > 5, —de® decreases from —d to —d/e.

Range of m'?
R o 0.4 [ (23] ] (2.1
m? < A/2 Al | A2 | A3
m? > \/2 B1 B2 B3

Table 2: Six cases classified by ranges of m’2 and m?2.

Hence, by specifying the range of m’? and m?, we split the analysis into six cases as described in Table [2] Next
we discuss the cases A1-A3 and B1-B3.

If A1 holds, a >0, d <0, m € [0,1], m® € [0, 3], = € [0, 3], it follows that
dy(z) = 2ax +b+de®, dj(z)=2a+ de".

Since m = )\_/\17%, it holds that m € [0,52<]. Since dj(z) decreases over x € [0, 3], it holds that
min, o, 1) dj (x) = d{(3) and max, efo,2] 44 (x) = dj(0). We split into 3 cases:
1. d{(0) = 2a+d > 0 and dj(3) = 2a + dy/e < 0, then we aim to prove that dj(z) < dj(z*) < 0 where
dj(z*) = 0.
2. dJ(0) =2a +d < 0, then we aim to prove that djj(x) < d}(0) <O0.
3. d{(3) = 2a+ dy/e > 0, then we aim to prove that dj(z) < dj(3) < 0.
Case 1: Since d(x*) = 0, it holds that e = —20 where —2¢ € [1, /€], i.e., In (—2%) € [0, 3]. Since et = —2a

it holds that

2
d)(z*) = 2aln <;) —2a+b<b—a=m?*8m?-3)<-m?<0.

Case 2: Since 2a 4+ d < 0, it holds that

dy(0)=b+d<b+d—(2a+d) =b—2a<b—a<0
where the last inequality holds by case 1 above and a > 0.
Case 3: Since 2a + dy/e > 0, it follows that

1
di(5) = a+b+ed = —m? +m'\e (=A+2m?) < —m* <0

where the second last inequality holds since m? < %

If B1 holds, since m = 57— 1+

when A < Ao, it holds that (53
need to prove that

A when m'? < 1 . There exists Ag ~ 1.309 such that
% (5 b )] SmceaZO,d>O,m’2§iandm2>%,we

Am/ -, it holds that m € [0,
)2 > 2, hence m? € (

1
dy(z) < dﬁl(i) =a+b+ed=—m*+m/\e(—\+2m?)

< (Ve - m? — YEx < Yo - 3) <0
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where the first inequality holds since m? > %

If A2 holds, a <0,d <0, m? € (i, %]7 m? € [0, %], x € [0, %], it follows that 1)

2
dy(z) = 2az + b+ de” <b+d =4m*m? +m' (=X +2m?) — 2m?* < §(2m2 -\ <0

e A—2m? 1 2
if SmT <3, le,m* >

o>

. 2)

dy(z) = 2az + b+ de” <b+d=4m’m” +m' (=X +2m?) — 2m?* < —% <0

. —_ m2 .
if >\8737,2 > %, 2 < Tg—&-? 3) if m? € (ﬁ7%)a dy(z) = 2ax +b+de® < b+d = 4m?*m’? +

m’ (—)\ + 2m2) —2m2 < min,, e 1 1y Am2m’? + m/ (—)\ + 2m2) —2m? < 0.
V2

ie., m

A A A 11
7 and m2 Z bR it holds that m € (m,m} when m’2 (S (Z’é]

If B2 holds, since m = %
There exists A\g ~ 1.5297 such that when A\ < )\g, it holds that (my > % Hence, when A\ € (1, Ao,

m2 € ((2)\)\71>27 (\/5)\_:‘1_\/5)2}; When )\ (S ()\0,+OO)7 m2 S (%7 (m)Q]

11

Since a < 0, d > 0, m'? € (1, 1] and m? > 4, we need to prove that dj(z) < 0.

We prove there exists m(, such that when m’ € (my, %], d4(z) < 0. Hence, zero z* does not exist anymore. In
this case, if zero z* exists, it must have m’ < my,.

If there exists z° € [0, 3] such that dj(2°) = 2az° + b+ de*” =0, it follows that
dy(x°) = a(z®)? + (b —2a)(z°) + ¢ — b

. .. _ b _2(3m’?-1)
whose symmetric axis is z = —5- + 1= = ———.

We need to prove that d)(z) > 0 when z € [0,2°] and dj(z) < 0 when z € (2°, 3]. Hence, dy(z) < da(z°).

When m’? € (22, 7], it follows that

m/

2 13
At (- _ +2

+m”? - (2A0/e — Ve) + m' (—2A/e + 2X + 2V/e) — V)

45X 49\/e 9/e
< -Ne— 2 A
s AVes Gt g 64

dy(z) = 2a + de® < 2a + /ed =

<0

where the first inequality holds since d > 0 and de” increases over z € [0, %], the second inequality holds since
—A2/e— 8z +2 e+ 1% (2\/e — /e) +x (—2\/e + 2\ + 2¢/e) — /e decreases when x € (1, ] and the third

20 /2
inequality holds since —\?/e — 45—4)‘ + 493’)\2‘/5 — 98{5 decreases over A > 1 and (—)\2\/5 - 465—2 + 49;\2\/6 — ng))\ <
=1

0. Specifically, let f(z) := —A%\/e — 8A\x3 4+ 2\\/e + 22 - (2A\/e — /&) + z (—2X\/e + 2)\ + 2/e) — /e. Tt follows
that f/(z) = —24 2% — 2X\/e + 2\ + 2z (2\\/e — /e) + 2y/e, whose symmetric axis z = W < % < i
Hence, f'(z) < f'(3) = —4A+ e < 0.

Moreover, m’? € (2, 1], max, ¢, 1) da(2°) = ds(%) over z° € [0, 1]. Hence, it holds that

dy(2°) = a(z®)? 4+ (b — 2a)(z°) +c— b < fW <0.

Hence, we know that when m'2 > 22 dy(2°) < 0.

In the following analysis, it holds that m’? € (3, 22]. By definition, it follows that

dy(z) = az® + b + c+de”, dj(x) =2ax +b+de”, d(x) = 2a+ de”.
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Since az? + bz + ¢ decreases over z € [0, 3], —de” < 0 decreases over z € [0, ] and zero z* exists, it holds that
ds(3) < 0 and dy(0) = ¢+ /ed > 0.

Since df(z) increases over = € [0, 1], it holds that min, o, 1) dj(x) = dj(0) and max,¢(o 17 dj(z) = dy(3). We
split into three cases:

1. d{(0) =2a+d <0 and dj(3) = 2a + dy/e > 0, then we aim to prove that dj(z) < min{d}(0),d}(3)} <0.
2. d{(0) =2a+d > 0, then we aim to prove that dj(z) < d}(3) < 0.
3. d{(3) = 2a+ dy/e < 0, then we aim to prove that dj(z) < d4(0) < 0.
Case 1: Note that case 2 also holds without condition 2a+d > 0. Hence, dj(z) < min{d}(0),d}(3)} < dj(3) < 0.
Case 2: Since 2a 4+ d > 0, it holds that

A2m/2 . (8m/ — 5)

<0
4(A+m'—1)

1 1
di;(i)=a+b+\/éd<a+b+\/éd_d4(§):

where the first inequality holds since d4( ) < 0.
Case 3: Since 2a 4 d/e < 0, it follows that

1 2X2m/2 - (2m/?\/e + 4m™? — /e — 2)
dy(0)=b+d<b+d— —=(2a+de) =
4(0) \/E( Ve) O 17 Ve
- 2A%2m/? ' 25(2\/E+4)_\[_2 “0
TN 4+m =17 e 64

where the first inequality holds since 2a + dv/e < 0.

m'(78m'2+m'+2)

T when

2
If A3 and B3 holds, zero z* does not exist. If 3 holds (m? € (1,1]), az® + bz + ¢ < -

x = 421,721 To prove it contradicts the existence of zero x*, we only need to verify that

m2m’ —8m/2+m'+2
1) (4m,2_1 ) < —d when m'? <

ol

m?m ( 8m’? +m +2)
4m’2—1

2) < —dy/e when m’? > 3

m’ (—4>\m’2+>\+m2m’)
4m/’2—1

Case 1: by rearranging inequality, we need to prove < 0. It is easy to verify that —4Am/? +

A+ m2m’ < 0 since

—4AAm? + X+ m?m’ = (1 — 4m*)\ + m*m’
<A1 —am'? 4+ mPmd

<1—4m”?+m?*m’

<1—4m?+m/ <0

m’ (74Am/2+)\+m2m/)
4m’2—1

Plus the fact that 4m’? — 1 > 0, it holds that < 0.

Case 2: in this case, we need to guarantee that A < 2 such that m’? is well-defined. By rearranging inequality,
we need to prove
m't(m, \)
4m’? — 1

where t(m,\) = m?(=8m2 +m/ +2) — (A—2m?) (4m” —1) /e. It is easy to verify that t(m,\) =
A (—4m'?\/e + /e) — 8m*m’? + 8m2m'?\/e + m*m/ — 2m?\/e + 2m? < 0 since

<0



Partial Monotonicity for Submodular Maximization with a Knapsack Constraint

A (—4m?\/e + V/e) — 8m*m/? 4+ 8m*m*\/e + m*m’ — 2m*\/e + 2m?
<m? (=8m* + 8m? Ve +m' — 2/e +2) —4m'?\/e + e < —5 + 3/e = —0.0538 < 0
where the first inequality holds due to negativity of coefficient /e(1 — 4m'?) of ), the second inequality holds

since 8(y/e — 1)m'2 + m’ + 2(1 — \/e) increases over m'? € (3,1] and 8(y/e — 1)m'2 + m’ + 2(1 — \/e) > 4( /e —
DA+2(1—+/e) >0.

If zero z* does not exist, it means that fi(z) = ax?® + bx + ¢ and and fo(x) = —de® does not have intersection
over interval x € [0, 3]. Hence, dy(z) > 0 or dy(z) <0 for z € [0, 5].

We need to prove that for = € [0, %]7 the number of zeros of ds(x) is no more than 1.

dy(z*) = 0 <= a(z*)? + bz* + ¢ = —de®
where we denote left hand side as LHS(x) and right hand side as RHS(z). Like Case 1, we split the analysis into
six cases as described in Table 21

If A1 or A2 hold, the number of zeros is at most 1.

2m/(—8m’2+m’+2)
4m’2—1

/\(—4+\/§)
2-(2x—2+/2)

If A3 holds, when m/? € (1,1]), az? + bz + ¢ < =

the number of zeros is 0.

< < 0 and —de” > 0. Hence,

If B1 or B2 hold, we consider three cases:

1) if LHS(0) = ¢ > —d = RHS(0) and LHS(%) = ¢ + & + ¢ < —d\/e = RHS(2), the number of zeros is 1.

2) if LHS(0) = ¢ > —d = RHS(0) and LHS(%) = ¢ + % + ¢ > —d\/e = RHS(3), the number of zeros is 0. In
fact, we have proved that under 1 and 5 (or 2 and 5), d}(z) < 0, meaning that LHS(z) < RHS'(z). Plus
the conditions LHS(0) > RHS(0) and LHS(3) > RHS(3), it is easy to verify that the number of zeros is 0.

3) if LHS(0) = ¢ < —d = RHS(0), it follows that d4(z) < 0, i.e., the number of zeros is 0.

Hence, if B1 or B2 hold, the number of zeros is at most 1.
If B3 holds, we have proved previously that zero x* does not exist.

In conclusion, we prove that if there exists only one zero a3 such that dy(z%) = 0, it holds that dy(z3) > 0 when
z3 € [0,23] and d4(x3) < 0 when z3 € [}, 1]. Otherwise, either dy(z3) > 0 or dy(z3) < 0 for 3 € [0, 3].

O
Theorem D.11. Positive Modified Greedy (Algom'thm@) achieves an approximation ratio of

e {srmtoya s ()

for mazimizing a non-negative m-monotone submodular function subject to a knapsack constraint for any A > 1.

Proof. In the proof, we analyze the mathematical programming defined in Lemma [D.9}
If 23 > 1/2, using constraint and constraint , it follows that

since m € [0,1] and 1 — e™? is increasing with respect to x. Hence, the theorem holds if x3 > 1/2.

In the remaining proof, we assume z3 < 1/2. By computing

(2m' = Vag—m' +1)

m/(1 — 2z3) x ([[7) + (1 — x3) x (I§) + — X @, (21)
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we have di /A > 0 where dy := a (=2 m/z3 + Am/ — A\xg + A)+2Am’ 23— Am/ —2m>m/x3+2m>*m’zze %3 +m?m/ —
m2m’e=% +m2x3 —m2xze~ " —m?+m2e~*3. (Note that it is easy to verify that —2m/x3+m’ = m/(1—2x3) >0
and 1 — 23 > 0. If m’ > %, it follows that (2m’ — Dzg —m/ +1 > 1—-m' > 0. U m’ < %, it follows that
@2m' —1az—m'+1>= 1*2’”' > 0. Hence, the coefficients used in do not change directions of inequalities.

)

Consider the coefficient of « in dy, by substituting m’ := m + "}i_nzn, it follows that

(—2X%2m — A2 + 3xm)z3 + A\2m + A% — 2Am

—2xm'zs + Am’ — Az3 + A =
A—m

Consider the coefficient of x3 as a quadratic form with respect to A. Since —2m — 1 < 0 and symmetric axis
A\ = 431’312 < 1, it follows that —2A?m — A2 + 3Am decreases when A\ > 1. Hence, —2X\?m — A\? + 3Am < =!
—2m — 1+ 3m =m —1 < 0. Plus the fact that A — m > 0, it follows that —2Am/xz3 +Im’ —Axz+ A >A/2 >0

since —2Am’xz5 + Am’ — Ax3 + A\ decreases over z3 € [0, %}

Hence, we obtain inequality a > dy(x3) where

Denom(ds
d2 (353) = 7 (l )
=2 m/x3 + Adm’ — Ax3 + A
and Denom(ds) := =2 m/x3 + Am’ +2m2?m’z3 — 2m?m’z3e=%3 —m?m’ + m?*m/e=%3 —m2z3 + m?w3e % + m? —
m2e~3. Computing the first derivative of do(z3) with respect to variable z3, we have
da(x3)
dy(x3) = ———"—.
209) = ey (aa)
where dy(z3) := —Am/e™ — dm?*m"?x3 + dm>m/? x5 — m*m’? + 2m*m’e™s — 2m2m/ + m2x3 — 2m2x5 + m? and

dz(z3) := 4m?2% — 4m%x3 + m'? + 4m'z3 — 6m'x3 + 2m/ + 2% — 223 + 1.
Recollecting term dz(x3) with respect to z3, we obtain that
d3(z3) =m +2m' + 1+ 23 - (4m”? +4m’ + 1) + 25 (—4m'? — 6m’ — 2) .
Let a :=4m/?> +4m’ + 1, b := —4m/?> — 6m’ — 2, ¢ := m/?> + 2m’ + 1, it is easy to verify that b> — 4ac = 0. Plus
the fact that a > 0, it holds that ds(z3) is non-negative.
Hence, it follows that Ae*3ds(z3) > 0, which is exactly the denominator of dj(x3).

Next we focus on the property of numerator of dj(z3). By collecting coefficients of x3 and e, we could re-write
di(z3) as dy(x3) = —m*m/2 = 2m*m/ + m? + 3(—4m*m/? + m?) + x5 - (4m*m'? — 2m?) + (=Am’ + 2m*m’) e®.

By Lemma one of the following three cases hold: 1) d4(z3) > 0 when x3 € [0,2%] and d4(z3) < 0 when
x3 € [x5,1/2] for some zero z* € [0,1/2]; 2) dy(x3) > 0 for x3 € [0,1/2]; 3) da(x3) < 0 for 3 € [0,1/2]. Since
dy(z3) = dy(z3)/(Ae™3d3(z3)) and Ae®3ds(x3) > 0, it follows that da(x3) cannot achieve its minimum at middle
point on interval z3 € [0, 3]. Hence, & > min{d(0),d>(3)} = min {%, mTQ (1 - ﬁ) }

O

Theorem C.1. Positive Modified Greedy (Algorithm @) achieves an approximation ratio of max{ma/2
,maxy>1{hy(m)}} for mazimizing a non-negative m-monotone submodular function with a knapsack constraint

where
o (2O 2 (- )}

Proof. We obtain this result by combining Theorem [D-3] and Theorem O

E Analysis of Positive Greedy+Max

In this section, we give detailed analysis of approximation ratio for Positive Greedy+Max (Algorithm (3)).
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Lemma E.1. For the greedy solution set S+, it holds that g1(c(S;+)) + (b — c(01))g’(¢(Si+)) = mf(OPT).

Proof. By definition of g1, we have g1(c(S;+)) = f(S;» U{o1}). By the definition of monotonicity ratio, submod-
ularity and greedy heuristic, it follows that

mf(OPT) < f(S;« UOPT) = f(S;x U{0o1} UOPT \ {01})
= f(Si- U{o1}) + f(OPT\ (Si- U{o1}) | Six U{o1})
< g1(e(Six)) + > fle] Si- Ufoi})

e€OPT\(S;+U{o1})

—geS )+ Y ceple] S U{ar}).

e€OPT\(S;xU{01})

Since ¢(S;+) < b—c(o01) and 01 = maxecopT c(€), it follows that c(S;«) +c(e) < b for any e € OPT\ (S;= U{o1}).
By submodularity and greedy heuristic, it holds that

ple | Si- U{or}) < ple| Si) < g'(c(Siv)).

max max
e€OPT\(S;+U{o1}) e€OPT\(S;+U{o1})

Hence, we have

mf(OPT) < g1(c(5i+)) + > c(e)p(e | Si- U{or})

€COPT\(S;+ U{o1})
< gi(e(Si)) + > c(e)g' (c(Siv))
e€OPT\(S;+U{o1})
= g1(c(8ix)) + ¢'(e(Si))e(OPT \ (Si- U{o1}))
< g1(e(Si-)) + g’ (c(Six)) (b — c(o1)).

Proof of Theorem[C.4 Let T be the output of the Positive Greedy+Max. For each greedy solution set S;
(1 <4 < 1), its function value is no larger than the augmented solution of S;_;. Since T is the augmented
solution with largest function value, it holds that f(T) > f(S;) for any 1 < ¢ < [. For the greedy solution set
Six, it holds that f(T) > f(Si U{o1}).

If g1(c(Si=)) > mf(OPT)/2, we have m/2-approximation guarantee since f(T") > g1(c(Si=)) = f(Si= U {o1}).

In the remaining proof, we assume g1 (c¢(S;+)) < mf(OPT)/2. By Lemma it holds that

F(OPT) — g1(c(Si~)) (22)

g/(c(s’b*)) Z b—C(Ol)

by rearrangement. By greedy heuristic and submodularity, ¢’(z) is non-increasing. Hence, we have

o) = [ gz [ g@a=don

=0 =0

Let © = c(S;+), we have g(c(Si+)) > ¢'(c(Si+)) - ¢(S;+). Combining with Inequality (22), it follows that

m[f(OPT) — g1 (c(5i-))

b—c(o1) elie)- 2

9(c(Si+)) =
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Since ¢(Si+41) > b — ¢(01), it holds that ¢(S;41) — ¢(Si+) > b — c(o1) — ¢(S;~). Hence, we have
| e (el ) — a(e(Si)
o(e(Si11)) > gle(Si)) + (b = lon) - (i) DL = IS
= g(c(8i+)) + (b = c(01) — c(Si=))g'(c(Si))

S mf(OPT) g1(c(Si~)) ~e(Si<) 4+ (b —c(o1) — ¢(S+)) -

o
- —¢(01)
mf(OPT) — gy (e(s.) > "I OTD)

where the first inequality holds since ¢(S;=41) — ¢(Si<) > b — c(o1) — ¢(S;«), the first equality holds since ¢’ is
the right derivative, the second inequality holds due to Inequality and Inequality (22)), the third inequality
holds by assumption ¢1(c(S;+)) < mf(OPT)/2. Since f(T) > g(c(Six+1)) = f(Si=41), it holds that f(T) >
mf(OPT)/2.

mf(OPT) — gi1(c(Si~))
b—c(o1)

In conclusion, Positive Greedy+Max (Algorithm [3)) gives an approximation ratio of m/2 to the non-negative
m-monotone submodular maximization with a knapsack constraint. O

F Analysis of Two Set Enumeration Positive Greedy

In this section, we give analysis of approximation ratio for Two Set Enumeration Positive Greedy (Algorithm .

Let f be a non-negative m-monotone submodular function with ground set V' where m is monotonicity ratio. Let
OPT be the optimal solution set with maximum function value, i.e., f(OPT) = maxgcy,(sy<s f(S). Without
loss of generality, we assume f()) = 0. Given an initial set U, Two Set Enumeration Positive Greedy makes
one call to Positive Greedy algorithm (Algorithm [1)) to obtain a partial solution set S; with cardinality { and
cost ¢(S;) < b. Let S;(0 < i <) be the partial solution set generated by Positive Greedy algorithm. It holds
that Sy = U. Let u; be the element considered at each step with maximum density and added into the current
solution set S;_1, i.e. S; =5;-1 U{u;}.

c(Si) |

c “H—l)

f(uig1 | Si) where 7 is the largest solution index satisfying ¢(S;) < x. It is easy to verify that g(c(S;)) = f(S;).

Lemma F.1. For any two subsets RC T CV and 0 <i <1, if ¢(T) < b and b — c(S;) > max ser\(rus;)c(s),
it follows that

Define the continuous extension of greedy solution sequence as g(x) where x € [0,b] as g(z) := f(S;) +

(b—c(R)) - ) 2™ (D~ I(SiUR). (24)
>mf(T) = g(c(S) = Y f(s) (25)
SER\S;
>mf(T) = g(c(S) = > f(s). (26)
SER

Proof. Define R; := S; UR. Since TNR; =TN(S;UR)=(TNS;))U(TNR)=(TnNS;)UR, it follows that
co(TNR;) > c(R).

By the definition of monotonicity ratio, submodularity and greedy heuristic, it follows that

mf(T) — f(R;) < f(TUR,) < > fsIR)S DD f(s]S)
seT\R sET\R;
_ o(s) . T8 1580 fluiza | S) ofs
N seg\:Ri ( ) C(S) S c(uiJrl) SE;Ri ( )
f(uiva [ Si) fuigr [ S3)

= e(T) —c(TNRy) - <(b—c¢(R)) -
oT) (T (1 R 2 < (b= e(R)) - S
where the first inequality holds by the definition of monotonicity ratio, the second and third inequalities
hold due to submodularity, the fourth inequality holds due to greedy heuristic and condition: b — ¢(S;) >

max,er\ (rus;) ¢(5), the last inequality holds since ¢(7') < b and ¢(T'N R;) > ¢(R). Hence, Inequality holds.
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Furthermore, due to the non-negativity and the submodularity of f and the definition of g, we have

FSSUR) < f(S)+ Y flu + > fu) < g(e(S)) + > flu)

u€R\S; u€R\S; u€ER
Hence, Inequality and Inequality hold.
O

Lemma F.2. Given a subset T CV such that ¢(T) < b, let k(1 < k < 1) be the smallest index such that there
exists an element w € T satisfying c(w) > b — ¢(Sk).

1. If k exists, f(S;) > (1 —e Hmf(T) — f(w)];

2. Otherwise, f(S;) > mf(T).
Proof. Firstly, we consider the case when k exists. If f(S;) > mf(T) — f(w), the lemma already holds. In the
following, we assume that f(S;) < mf(T) — f(w). Hence, it holds that mf(T) — f(S;) — f(w) > 0 for 0 < i <.

According to Lemma by choosing R := {w}, we have R C T since w € T and b—c(S;) > maxseT\({w}U c(s)
for 0 < i < k — 1 since w is the budget violation element with the smallest index k. Using Inequality (2 7 we

have
fluipa | Si)  mf(T) = f(Si) = f(w)
c(uir1) — b— c(w) ’
By rearranging the inequality and applying 1 — x < e, it follows that
(1) = 1(5u0) ~ 1) < (1= 20 g (1) - 115 - f(w)

— c(w)

0<i<k—-1.

< oxp () (1) = (50 - f(w)

c(w)

Recursively applying this inequality for ¢ € [0,k — 1], it holds that

mf(T) ~ f(S6) — fw) < exp Z £ ) () - £(50) - fw)]

c(w)
e mf(T) = £(So) = f(w)] < e [mf(T) - f(w)]
where the last inequality holds due to ¢(Sk) + ¢(w) > 1 and the non-negativity of f. Hence, we have f(Sg) >
(1= e Hmf(T) - f(w)].
Secondly, if k does not exist, it follows that V1 < i <[, w € T, s.t. c(w) + ¢(S;) < b. Consider the final solution
set S;. If T C Sy, it follows that f(S;) > mf(T) by the definition of monotonicity ratio. Otherwise, for any

element w € T'\ Sy, it holds that f(w | S;) < 0 since w could still be added to S; but it is not selected by Positive
Greedy algorithm. Denote set 7'\ S; := {w1,wsa,- -+ ,wp}. It follows that

- <_b_<5>) mf(T) ~ F(S0) ~ f(w)

FSUT) = F(S) + Y flwi | S0 {wn,wia}) < FS)+ 3 flwi | ) < £(S)

i=1

where the first inequality holds due to submodularity of function f and the second inequality holds due to the
condition f(w; | S;) < 0. Hence, it holds that f(S;) > f(S;UT) > mf(T). O

Lemma F.3. Letta(m,\) = —m—h\g_,\m—%‘—a—mz—k%—k% where « = 1—e~1. When X € (1, %],

there exists two roots my, mg € [0,1] and my; < ma, i.e.,

A (5a+2 — V=24a2) + 2502 — 4a + 4)
my = )

4(ar+1)

A (5a+ 2+ vV=24a%X + 2502 — 4a + 4)
mo = )

4(ar+1)
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such that ta(mq, A) = ta(ma, A) = 0. Furthermore, ta(m,\) > 0 when m € [my, ms]; otherwise, ta(m, ) <0

Proof. By multiplying (A?> — Am) on 3(m,m’, \), it follows that

2
ta(m,m/, A) - (\* = Am) = (—aX — 1)m” + (502[/\ + /\> 30? ’ (27)

indicating that t2(mq, A) = ta(ma, A) = 0. In order to guarantee the existence of these two roots, we obtain an
upper bound of parameter A:

9502 — do + 4
L2402 A 42507 — A+ 4> 0 e ) < 2 AT 5 ar S 1195,
e}

Define

(J?)_— axB + 041‘2 _3704_047$2+%+£
PO =" T T 2 X T AT X

Taking the first derivative of go(x), we obtain

(z) = — a\x n alz? B 3az? . 20x B 20471‘ . a n l
P =T T T e N N A AT
Since
”(x) _ 2a\2m3 n 2a.02m? _ 6aim? n daim - 6am n 2 _ 2£
92 OZ—amP 02 —amP 2 —am? o Z—am? N—am X —am A
and

(A2 —2m)?- gy (z) = 220" - (1 = \) <0,

it follows that g5(z) decreases on interval z € [0, 1].

We assert that g5(1) = W increases on interval A € (1,1.195]. Let u()) := %, it follows that
w(\) = WA= (x;&ﬂg oA A-D) - Since A < 1.195, it follows that \/aA — (A — 1) > 0.755 > 0, indicating that

u’(A) > 0. Hence, g5(1) increases on interval A € (1,1.195].

Since g5(0) = ¢ + & > 0 and g4(1) = % <0,

it follows that g5(x) has a root zg. Hence, gh(x) > 0 on interval = € [0,z0] and g5(xz) < 0 on interval z €
[70, 1], meaning that go(x) firstly increases and then decreases, i.e., max,e 1] ( ) = go(xg). Since ga(m) =
to(m, m’ N, it follows that t3(m, m’; \) > 0 when m € [my, ma]; 0therw1se to(m,m’; A) < 0.

O
Theorem C.3. Let to(m,m/,\) := 2 — 2a + M and g = W 1.195. Two Set Enumeration

Positive Greedy (Algorzthml) achieves an approximation ratio of max)\>1{h2( )} for mazimizing a non-negative
m-monotone submodular function with a knapsack constraint where

e Case 1:

BA(m) = am/; m € [my, msy]
am’ 4+ ta(m,m’';\), otherwise

A(5a+2—v=24a2X+2507—4a+4)

. J _ M5a+2+v—2402xF25a%—4da+4)
my = (oD and mz =

I(ar+1)

Zflg)\SO[[),

o Case 2: hy(m) := am’ +ta(m,m/, \) if A > ap.
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Proof. Let Y := {u1,uz} = argmaxy copr,|y|=2 f(Y’). Define a problem instance as Z := {V, f, ¢,b}. Using Y’
as initial solution set, we run Positive Greedy algorithm on a residual problem instance Z; := {V\Y, f1,¢,0—c(Y)}
where f1(S) = f(SUY)— f(Y). However, since monotonicity ratio of fi does not have explicit form, we introduce
another equivalent residual problem instance only for purpose of analysis. Specifically, define residual instance
for analysis as Zp := {V'\Y, fa,c,b—c(Y)} where f5(S5) := f(SUY)— 5 - f(Y). Given any partial solution set Sj,

it follows that Juiga]Si) _ fr(uiga|Si) _ fa(uig1]Si)
c(uiy1) c(uit1) c(uiy1)
generated partial solution set is identical under Positive Greedy algorithm among problem instances {Z,Z,Z»}.

Since monotonicity ratio m cannot be efficiently computed, we cannot optimize problem instance Z, in our
algorithm. Hence, problem instance Z; is introduced for the purpose of analysis.

. Hence, as long as the initial solution set is determined, the

For residual instance Zy, denote its partial solution set as S/ (0 < i < ') given the initial set Y. Let &’ be the
smallest integer 1 < k' <!’ such that there exists an element w’ € OPT \ Y satisfying c(w’) > b—c(Y') — ¢(S},).
In other words, k’ is the smallest index for budget violation condition. If k' does not exist, we could use the
second case of Lemma to obtain approximation ratio.

OPT \'Y is an optimal solution for the residual instance Z,. In fact, for objective fo(S) of the residual instance
Z>, we have

argmax f2(S) = argmax (f(SUY) - @f(Y)> = argmax f(SUY)=O0PT\Y.
o(S)<b—c(Y) (S)<b—c(Y) A () 1e(Y)<b

Case 1: If K/ exists, it holds that f2(S},) > a[m/fo(OPT\Y) — fa(w')] by Lemma According to definition
of Y, it follows that f({u1,w'}) < f(Y) and f({uz,w'}) < f(Y). Using these two inequalities, it follows that
fOV) = f{ua, w'}) + f({uz, w'}) — (V)
= f(w' [u1) + f(w' [u2) + fur) + f(u2) — f(Y)
>2f(w | V) + flur | u) + f(uz) — f(Y)
=2f(w'|Y)

where the last two inequalities hold due to submodularity of f. Hence,

FYUSH) = Z (V) + fa(Sh)

X

> TF(Y) +alm' f2(OPT\ Y) = fo(u)]

= ZF(Y) +am/[f(OPT) = Zf(¥)] = alf(Y U {u'}) = ZF(Y)

= am' f(OPT) + {T —a+ ozm(l)\—m)} fY)—af(w'|Y)

> am/ f(OPT) + Kl _ ga + O‘mg_m)} FY) (28)

where the first inequality holds since f2(S},) > a[m/fo(OPT \Y) — fo(w')] and the second inequality holds due
to the fact that f(Y) > 2f(w' | Y).

Next we investigate the function

m am(l —m')
t ) I7 A)i=~—=
2(m,m', \) \ a+ h\
Using definition of m/ := m + ";2:"’1”, we could simplify to(m,m’, \) into
_ am?3 am? 3a¢ am? am m
ta(m, m/, \) = fa(m, ) = — ¥ _3a_om’ om m

A2—dxm AN —-Xm 2 A A A

By Lemma [F.3] when m € [my,m,], it holds that >(m, A) > 0. Using Inequality (28], it holds that
F(Y US)) > amf(OPT) + ta(m,m', \) - f(Y) > am’ f(OPT)
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when m € [mq,ma]. Otherwise, if m € [0,m1) U (mg, 1], it follows that to(m,m’,\) < 0. Using the fact that
f(Y) < f(OPT), it follows that

F(YUS))>am' f(OPT) +ta(m,m',\) - f(Y) > (am’ + ta(m,m’,\)) - f(OPT).

Case 2: If k' does not exist, since OPT \ Y is an optimal solution for the residual instance Zy, Lemma
guarantees that f2(S],) > m’fo(OPT \ Y). Hence, it follows that

JOYUSH) = (Y USL) = SI(Y) + S (V)
fY)+ f2(Sy)

Y)+m f2(OPT\Y)
Y)+m/[f(OPT) = f(Y)]

(OPT) + %(1 —m)f(Y)
(OPT)

\%
[S>]3>|3

Il
= =
= = =

Il
33 >
~ =

%

where the last inequality follows from the non-negativity of f and 1 —m/

G Analysis of One Set Enumeration Positive Greedy+Max

In this section, we give analysis of approximation ratio for One Set Enumeration Positive Greedy+Ma x (Algo-
rithm .

Let f be a non-negative m-monotone submodular function with ground set V' where m is monotonicity ratio.
Let OPT be the optimal solution set with maximum function value, i.e., f(OPT) = maxgcy,c(s)<p f(5). Let r
be an element of OPT with maximum cost, i.e., 7 = argmax,copy c(e) where c is the cost function. Without loss
of generality, we assume f()) =0, f(OPT) =1 and b = 1. Given an initial set U, One Set Enumeration Positive
Greedy+Max makes one call to Positive Greedy+Max algorithm (Algorithm . It constructs two sequences of
partial solutions S; and T; for 0 < 4 < [. It holds that Sy = U. Let u; be the element considered at each step
with maximum density and added into the current solution set S;_1, i.e., S; = S;—1 U{w;}. Let v; be the selected
element at each step with maximum marginal gain, i.e., T; = S;_1 U{v;}. We assume T} := T;_1 since in the last
iteration round, partial solution set S; is constructed and then the loop ends without constructing corresponding
T;. However, due to optimality of augmentation, it holds that f(7;) = f(T;-1) > f(S1).

Define the continuous extension of greedy solution sequence as g(x) where z € [0,1] as g(x) := f(S;) +

f(uit1 | Si) where i is the largest solution index satisfying ¢(S;) < x. It is easy to verify that g(c(S;))
Let ¢'(z) be the right derivative of g(z) at .

Lemma G.1. Given a non-negative, m-monotone and submodular function f, for t € [0,1 — ¢(r)], it follows
that

1—c(r) 1—c(r)
where i* is the largest index satisfying c(S;+) < t.

Proof. For t € [0,1 — ¢(r)], it follows that 1 — ¢(S;<) > 1 —t > ¢(r) = max.copt ¢(€) > MaxXccopT\({r}us;.) €(€)
since t > ¢(S;+).

According to Lemma [F.1] by choosing T'= OPT, R = {r} and b = 1, it follows that

() = fuiz41 | Sir)  mf(OPT) — f(Si- Ufr}) _ m = f(Si- U{r})

g c(upy1) 1—e¢(r) 1—¢(r)
o mf(OPT) — g(c(Si-)) = f(r) _ m = f(S) = f(r) _ m—g(t) = f(r)
- 1—¢(r) 1—¢(r) - 1—¢(r) ’
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since {r} € OPT, ¢(OPT) <1 and 1 — ¢(S;+) > max,copt\({r}us,.) c(s) and g(t) > f(Si-).
O

Lemma G.2. (Lemma 9 in (Feldman et all, |2023)) Given monotonicity ratio m € [0, 1], for every y € [0,1/2],
there is a unique value z(y) € [y,1/2], satisfying
- ()

Moreover, z(y) is a non-decreasing function of y and z(y) > z(0) = 1/e and 2(y) < 2(1/2) = 1/2.

Proof. Here we only prove z(1/2) = 1/2. For other details, please refer to Lemma 9 in (Feldman et al.| [2023).
Plugging y = 1/2 into the definition, it follows that
1
22(1/2)

It is easy to verify that z(1/2) = 1/2 satisfies this equation. Since 1/(2z) — 1 decreases and In(2z) increases with
respect to variable z, the solution for equation 1/(2z) — 1 = In(2z) is unique, i.e., 1/2. O

—1=In(22(1/2)).

Lemma G.3. If f(r) < f(OPT)/2 = 1/2, Positive Greedy+Maz (Algorithm[3) achieves an approzimation ratio
f(r

of m (1 —z (f(OP)T)>)

Proof. Let zp := z (%). Considering the function z from Lemma its domain is [0,1/2]. Since f(r) <

f(OPT)/2, it follows that zg is well defined.

Next we prove f(T;) > m (1 — zp) by contradiction. Without loss of generality, we assume that f(7;) < m(1—zp).
Otherwise, the approximation ratio is at least m(1 — zp).

Using Lemma for t € [0,1 — ¢(r)] it holds that
m— f(S; U{r}) UL

"(t) > 2
git) = 1—c(r) ~1—c(r) (29)
where the second inequality holds since f(S;< U{r}) < f(T7) < m(1 — zp).
By Lemma it follows that
g/(t) > m _g(t) — f(T)
- 1—¢(r)
By solving this differential inequality using integral over right derivative, we obtain a solution
4
>m— —_C. -
o0) 2 m = )= Coxp (~ =) (30)
where C' is some constant.
By setting constant C' := m(1 — f(r)) — (1 —m)e - f(r), it follows that
—Cex SR, —m(1— f(r))ex __ +(1—m)f(r)exp(1— _t
PA\71o c(r)y) PA\71o c(r) P 1—¢(r)
St = S e (~ =) 1= mf() (31)

where the last inequality holds since 1 —¢/(1 — ¢(r)) > 0.
Combining Inequality and Inequality , it follows that

ot0) = m(1 = () |1 exo (=5 )|
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Let t, := —[1 —¢(r)] - In (lfjﬁ’(r)). By plugging y = f(r) € [0,1/2] into the definition of zp, we have

20 _f(r)_ ") — .
1n(1—f(r)>_ . 1e[2f(r)—1,0] C[-1,0].

Using this result, we obtain that ¢, € [0,1 — ¢(r)].

Plugging t, into this solution, we have

by

olte) 2 m(1 = 1) [1 = exp (— ) | == g (1 12 ).

1 —tr«f<r> - <l—f()> - (f(;) - 1) =z~ f(r)

where the second last equality is derived by the definition of z := z(f(r)), it holds that

Since

1—c(r)
o(1 — e(r) = g(t) + / g (Bt

r

2 g(tr) + (1= elr) =) s

> (1= £ (1= = )+ (= e~ 1)
= (1= 1) (1= s ) e = e~ £0)

= (1= ) (1= = ) I

=m(l —2z2)

where the first inequality holds due to Inequality (29) and the last inequality holds due to the fact that mz —

m(l—z)—m(—z+z2)+m-—z— Z(m T) = zm= 1(“'2 L > 0 when z € [0, 3] and z € [1,1]. This result
contradicts the assumption f(T}) < m(l z) since f(T;) > f(Si) > g(1—c(r)) > m(1—2) due to the monotonicity

of partial solution sequence. Hence, it holds that f(7;) > m(1 — z).

O

Using {w} as the initial solution set, define the corresponding residual instance Z' := {V \ {w}, fre,b—c(w)}
where f(S) := f(SU{w}) -5 f(w). Let T} be the output of Positive Greedy+Max algorithm on residual instance
7.

Lemma G.4. If f(w) > 1/4, One Set Enumeration Greedy+Mazx (Algom'thm@ achieves an approximation ratio

Of m’ + m(28)\m )

Proof. According to Theorem Positive Greedy+Max algorithm achieves an approximation ratio of m/2.
Thus, it follows that

!

J(T}) = % F(OPT') = T f(OPT \ {w}) = - (F(OPT) - £ f(w)),

m' m'
2 2

which is equivalent to
/ !/ !/ !/
, m' m(2-—m') m' m(2-—m)
> 4 > e
P U ) > g M) iy 1 R

Since the function value of the output of One Set Enumeration Positive Greedy+Max (Algorithm [5)) is no worse
than 7] U {w}, the approximation ratio is at least ﬂ + m(2 - )f( ) if f(w) > 1/4. O
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Lemma G.5. If f(w) < 1/4, One Set Enumeration Positive Greedy+Max (Algorithm@ achieves an approxi-
mation ratio of m'(1 —e™1).

Proof. By definition of 7/, w and submodularity of f, it holds that

_ m m m

F') = U wh) = S ) < £ + flw) = Zfw) < (2= ) f(w).
Hence, it follows that

) - @e-)fw)
FOOPT\ {w}) = F(OPT) — 2 f(w) _ 1- % f(w)

since function f(z) = 2= decreases on interval [0,1], f(w) € [0,1] and Z € [0,1).
Using Lemma by substituting f(OPT) with f(OPT \ {w}) and f(r) with f(r'), we have
T A@Uw)) - 2 fw)
F(OPT\ {w}) 1 -2 f(w)
/ fT(T/) / (2 -5
= (<)) 2 (0=

where the last inequality holds due to the monotonicity of function z.

Using this result, we have

ﬂﬂUWDZO—%ﬂwyﬂ—ﬁ—%ﬂm)mﬂ49li4f)
=m'+(1-m) %f(w) — (1 — %f(w)) em’ Z(W) (32)

Let = := %, it follows that f(w) = Mﬁ Substituting f(w) into the right hand side of Inequality
([32), we have f(T} U{w}) > q(z) where

Az m Az
=m/ 1— ’ﬂi_l_ii, .
alw) =m’ +( m))\2)\—m+mx ( )\2)\—m+mm) m' - #(z)
(M mx
m m)2/\—m—|—mx ( 2)\—m—|—ma:) m - 2(z)
mx
141 —" yom —1—m
+ 2)\—m—|—m:1c) (m m'z()
2 —m
=14+—" . (m=-1-m )
+2)\—m+mx (m m'z(z))
Since 0 < f(w) < § and 0 < 5t < 1, it follows that z € [0,4 Z] C [0, 3), which is consistent with the domain of
z(y) where y € [0, 1]. Analyzmg the lower bound of ¢(x), we have
2\ —m 2A—m
= 1+—" (m=-1-m >14+—"" " (ml-eH-—1D>m'(1-et
q(x) +2/\—m+mx (m m'z(x)) > +2)\—m+mx(m( e ) -1 >m'(1—e")

where the first inequality holds since % > 0 and z(x)

~1 the second inequality holds since m/(1 —
e7!)—1)<0and z € [0, ). Hence, it holds that f(7} U {w})

>e
>m (1 —e .

Combining Lemma [G.4] and Lemma we have the following theorem:

Theorem C.4. One Set Enumeration Positive Greedy+Mazx (Algorithm@) achieves an approximation ratio of
maxy>1{h3(m)} for maximizing a non-negative m-monotone submodular function with a knapsack constraint

where . @ N
A S Q m{s—m 1
hz(m) .—mln{ 5 +78)\ ,ma}.
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H Analysis of Sample Greedy

Amanatidis et al|(2020) proposed Sample Greedy With P (line |§| in Algorithm@ for non-monotone submodular
maximization with a knapsack constraint, which has an approximation ratio of (3 4+ 2v/2)~!.

Let f be a non-negative m-monotone submodular function with ground set V' where m is monotonicity ratio.
Let OPT be the optimal solution set with maximum function value, i.e., f(OPT) = maxgcv,cs)<s f(S). Let
p be the hyper-parameter of Sample Greedy With P, solution S and v* = argmax,cy f(v) be the solution sets
constructed by Sample Greedy With P algorithm and S, := argmaxpe(s,-} f(T) be the output of Sample
Greedy With P algorithm.

Lemma H.1. (Inequality (4) in (Amanatidis et all |2020)) Let S be the solution set constructed by while loop
by Sample Greedy With P (Procedure defined in Algorithm@ and p be the hyper-parameter. It follows that

E[f(OPT U S)] < max{2,1/p} - E[f(5)] + f(v").

Theorem C.5. Let ty(m) = /(m —2)(m —1)4+m and § € (0,1/5) be a small positive number. Sample Greedy
(Algorithm@ achieves an approzimation ratio of hy(m) for mazimizing a non-negative m-monotone submodular
Sfunction with a knapsack constraint where

(m+1)/6, mel[1/5,1]

ha(m) = _ (ta(m) — 2) (ta(m) — 1) _ otherwise
ty(m) —m 0@).  oth .

Proof. By setting O = OPT and D = S in Lemma[B.2] it follows that E[f(OPTUS)] > (1—(1—m)-p)- f(OPT)
since max,cy Pru € S] < p. By Lemma[H.1] it follows that

(1—(1—=m)-p)- f(OPT) <E[f(OPT US)]
< max {2,1/p}-E[f(S)] + f(v7)
< max {2,1/p} - E[f(Sy)] + E[f(5y)];
which is equivalent to
1—-(1-=m)-p

max{2,1/p} +1 f(OPT).

E[f(Sg)] =

Case 1: If p <1/2, max{2,1/p} = 1/p. Then

1-(1-m)-p p(l—(1—-m)- p)
max{2,1/p} +1 1+p '

Let di(p) := %ﬁ;m)) Considering its derivative d}(p) = 2 2‘(m71();f’1()22m72)+1. whose numerator is defined as

da(p) :=p*(m —1) + p(2m — 2) + 1. Since p € [0,1/2] and the symmetric axis is p = —1, it follows that da(p)
decreases over p € [0,1/2] for all m € [0,1]. Hence, it follows that da(p) € [d2(1/2),d2(0)] = [(bm — 1)/4,1].
Here we observe that the monotonicity of dy(p) depends on the value of m.

When m > 1/5, di(p) increases over p € [0,1/2], i.e., maxdy(p) = d1(1/2) = L. When m < 1/5, di(p) firstly

—m— (”:n*fl)(mfl)Jrl. Since do(po) = 0, d1 (p) achieves

(m+ (m72)(m71)72)<m+ (m72)(m71)71) B
V(m=2)(m—1) N

increases and then decreases over p € [0,1/2]. Denote pg :=

its maximum value when p = py. Hence, maxd;(p) = di(pg) = —

_ (#a(m)=2)(ta(m)—1)
ta(m)—m :

Hence, when p € [0,1/2], we choose p = 1/2 when m > 1/5, in which case it holds that

E7(5,)] > dy(1/2)f(OPT) = "L f(OPT),

Additionally, we choose p = pg when m < 1/5. However, since the monotonicity ratio m is inaccessible, we
cannot apply exact value of py to the Sample Greedy With P algorithm. Instead, we construct an arithmetic
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sequence in m € [0,1/5] with interval 6 € (0,1/5). For each guess 7 from the arithmetic sequence, we apply

po(m) into Sample Greedy algorithm. As ¢ is small enough, the approximation ratio we obtain is not too far

way from that we obain by applying exact value of pg(m). If fact, for any m € [0,1/5], there exist m € [0, 1/5]

i/ (—2) (—1)+1
m—1

such that | —m| < J. Given po(m) = , it follows that

lpo(mm) —pol <6 sup |py(m)| < C6
me[0,1/5]

for some constant C. Denote z1 := min{pg(m), po} and x2 := max{po(m),po}, it follows that

|d1(po (1)) — d1(po)| < [po(1i2) —po| sup |di(z)] <CF sup |di(2)| < C1d

x€[r1,T2] x€[xy,x2]

for some constant C';. Hence, we have

E[f(S9)] = di(po(112)) f(OPT) = (d1(po) — O(6)) f(OPT).

Case 2: If p > 1/2, max{2,1/p} = 2. Then

—(1—m)-p_1—(1—m)~p<m+1
max{2,1/p} +1 3 - 6

which is the same result as Case 1.

Concluding Case 1 and Case 2, by calling Sample Greedy With P by setting p = 1/2 and p = po (1), the Sample
Greedy algorithm achieves an approximation ratio of hy(m).

O

I Proof of Theorem [3.2]

In this section, we prove Theorem which we expand here into full version.
Theorem 1.1. For any constant € > 0, no polynomial time algorithm can obtain an approximation ratio of

< . maxgeo{a(ma® + 22 — 22%) +2(1 —a)(1 —e" 1)1 — (1 - m)x)}) l-m

ael0.] max{L,2(1 — a)} 512

+e€

for the problem of maximizing a non-negative m-monotone submodular function with a knapsack constraint.

For simplicity, denote

(m) = min max,eo{a(ma? + 2z — 22?) + 2(1 —a)(1 —e* 1) (1 — (1 —m)x)}
Pcard = welod] max{l 21— )} .

We prove the theorem by firstly constructing a problem instance under a knapsack constraint. Let V' denote the
ground set with size n such that V = {a,b} U{a;,b; | i € [r]} where r = (n—2)/2. The objective f : 2V — Rx is
exactly the function from Section 4.3 in (Mualem and Feldman| [2022), i.e., f(S) := af1(S)+(1—a)(f2(S)+f5(9)),
where

f1(S) =m-1{Sn{a,b} 0} + (1 —m) - (]S N {a,b}| mod 2),
£2(8) = 1{S N {a; i €[]} #0} - (1= (L —m) - Ha € §}),
f3(8)=1{Sn{b; |ie[r]} #0} - 1—-(1—m)-1{be S}).
We consider maximizing the objective f(S) with a knapsack constraint ¢(S) < b where c¢ is a nonnegative modular

cost function and b is a real-valued budget. We fix an arbitrary constant ¢ > 1 and analyze algorithms making
at most n¢ value-oracle queries.

Partition V into T hidden types V = [_|tT:1 V; with integer sizes k; := |V4| satisfying >, kx = n and k; €
{[n/T],[n/T]}. Assign each type a pairwise-distinct cost label ¢&; > 0 (e.g., ¢; := 2'), and set each item’s cost



Tong Cheng, Xueyan Tang

by c(v) 1= &) for v € V; where o is a permutation of [T]. For any subset S C V, its type-count vector is
x(S) = (x1,...,z7) with z; := |SNV;|. Let P C [T] be a hidden planted block of type indices of size |T/2].
Define two reference mixes b(?), b1 € ZZ | for balanced-shifted and planted-shifted problem instance distributions

and let the common budget be b := Zle étbgo) = Z;‘ll Etbgl). We define two problem instance distributions over
all problem instances denoted by (f,¢,b) that share the same f and the same multiset of item costs as follows:

e D, (balanced reference): draw the hidden partition {V;} and P uniformly. Draw o uniformly at random
and set c(v) = ¢, for v € V;. Use budget b as above ;

e D; (planted reference): same draw of {V;} and P. Choose o so that more low ¢ are mapped to t € P
and more high & to ¢ ¢ P, while keeping the multiset {c(v)} identical and the budget b equal to the same
expression with b1,

In both distributions, the objective f and the multiset of item costs {¢(v)} have the same law. They differ only
in the hidden correlation between costs and the planted block P. Let ®(x) denote the mean value as a function
of type counts x = (x1,...,xr) with 2y := |SN V4|, i.e., ®(x) := E[f(S5) | z].

Lemma 1.2. There exist two constants C,c > 0 independent of n such that for any fired subset S C V it holds
that

11»( 1£(S) — (x(S))| > C\/n logn) <n-e.

Proof. By construction, f is obtained by aggregating a finite number of independent, bounded primitive random
variables whose expectations depend only on the type-count vector (). Let {Z;(S)}}L, denote these primitives
after the standard normalization that ensures ®(2*) = 1 (i.e., each raw indicator is scaled by a factor 8 = ©(1/n)
so the overall value is ©(1)). Then it follows that f(S) = Z;Vil Z;(S) and ®(z(S)) = E[f(9)] = Z]Nil E[Z;(S)].
Since |Z;(S) —EZ;(S)| < 8 = ©(1/n), it holds that each Z;(S) is independent and bounded. Moreover, since
M = ©(n?) (a constant number of components, each summing over O(n?) pairs), it follows that

M M
Var (f(8)) = _ Var(Z;(9)) < Y _E[(2;(8) ~EZ;())°] < M - 5* = 6(n).

Applying Bernstein’s inequality to the centered sum f(S) — ®(x(S)) with per-summand bound b := 8 = ©(1/n)
and variance proxy o2 := O(n), we have

P(|£(S) — ®(z(9))| > t) < 26Xp<—202t+2bt>
3

for any ¢t > 0.

Choose ¢t = Cy/nlogn with C large enough. Since bt = ©((1/n) - v/nlogn) = O(y/logn/n) < o = O(n),
the denominator is 202(1 4 o(1)) = ©(n), and the exponent is —6((nlogn)/n) = —O(logn). Thus P(|f(S) —
O(z(S))| > Cv/nlogn) < n~° for some constant ¢ > 0. O

By Lemma it holds that f(S) = ®(x(S)) = O(y/n) with high probability.

Lemma 1.3. For the knapsack instance distributions Do, Dy defined above, it holds that Ep,[f(OPT)] < peara(m)-
Ep, [f(OPT)] + o(1).

Proof. We first prove how the budget b pins the feasible type counts under Dy and guarantees feasibility of the
planted mix under D;.

Fix a tiny parameter ¢ € (0,1/10) and set the type-cost labels & := (1 + ¢)2¢ for t € [T]. Let b©,b(1) € Zgo be
the reference mixes and define b := Zthl ¢; and b§°) = Zthl Etbgl). Consider any z € Zgo and let A := 2 — b,
If A # 0 and ¢* is the largest index with Ay > 0, then 31_ | &A; > G — 3, e @Al > (14+0)28 =3, (1 +



Partial Monotonicity for Submodular Maximization with a Knapsack Constraint

)24|Ay]. Since |A;] < 0¥ < [Vi| < nand 3,_,. 28 < 2 —1, we obtain 31| &A; > (14¢)28 —(14¢)(2F —1) >
¢t — (14 ¢) > 1 for all large t* (and hence large n), because ¢2t" dominates the additive constant. Therefore,

T
Z Gy > Z 5tb§°) =0 whenever z;« > b§9) for the maximal t*. (33)

In particular, under the cost assignment of Dy which has uniform random permutation o of the labels ¢; across
types, any feasible x must satisfy the coordinate-wise inequalities

z <b? vte[T), (34)

because otherwise is violated and the budget is already tight at b(®) along the most expensive active
coordinate.

By (34), the Dy optimum is bounded by f(OPT) < max{®(z): 0 < z; < b,go)Vt} + O(y/n), where we inserted a
O(y/n) concentration slack (Lemma [[.2)) to pass from f to ®. Let Z(® be the maximizer of this box-constrained
mean-field problem. Since the objective is invariant under permutations of types that preserve P, averaging z(%)
over those permutations does not decrease ® by convexity of expectation. Hence there exists an optimal solution
that is symmetric within the planted and non-planted blocks and satisfies the knapsack bound with equality by
the cost separation. Therefore, we have

Ep, [f(OPT)] < E[@(2™™)] + 0(1) = peara(m) - E[®(z*)] + o(1),
where 2™ denotes the best symmetric mix, z* the planted true maximizer, and ®(x™™) = peara (m)P(z*).

Under D, the permutation ¢ aligns smaller costs with types in P and larger costs with types outside P, and b is
defined so that b(!) saturates the budget. By construction, z* is coordinate-wise < b!) and thus feasible. Hence
Ep, [f(OPT)] > E[®(2*)]. Combining the two inequalities yields the claim. O

Fix a deterministic algorithm that uses at most ¢ < n¢ value queries. Let T := [n?*™3] and draw the hidden
type partition V = |_|;‘F:1 V; by distributing the n items so that k; := [V;| € {0,1} and ), ks = n (hence exactly
n types are nonempty). Let P C [T] be a uniformly random planted block of size |T/2].

Lemma 1.4. For each queried set S, write its miz ) € {0,1}7 with xti) = SO NV;| €{0,1}. Then, with
probability 1 — o(1) over the random partition and P, we have
2tep xt —Digp T P

Zt:l Ez)

for alli € [q]. Equivalently, along miz directions, ||TI(z(®) — z*)||2 > ~O(n).

<y=1/8

Proof. Condition on the algorithm’s adaptivity, S may depend on past answers. However, given the partition
into singletons V; the indicator vector z(*) is a {0,1} vector with exactly |S| ones placed on the chosen type
indices.

Let 1p» € {0,1}7 be the indicator of the planted block. For fixed 2(*) and random P (uniform of size |T/2]),
we have (z(9,1p) ~ Hypergeom (T, |7/2],|S®|), implying that its mean is |S(|/2. By Hoeffding’s bound for

sampling without replacement, it follows that P[|(z(), 1) — [S@|/2| > A] < 2exp< |s<z>\) for any A > 0. By

setting A as \; := 1/ |S;—l>‘ log(4gn?), it follows that P[|(z(), 1p) —|S™]/2| > A;] < 2(17'
) ) -
A union bound over i € [q] yields Vi < ¢ : ’< IIPS( )||S ‘/2| 1/ 105‘(;1?7)1' ) </ 10g(4’; ) < 10 with probability

at least 1 — 1/(2n2) for all large n as | S| < n. Hence, for all i, we have Zicp "Ci: _%:)te 2 _ 2at )Iz‘)’))l 1571 <
| S( for all sufficiently large n.
Finally7 the projection-distance claim follows because the normalized planted direction u := ﬁ(lp — 1ip\p)

has constant correlation with z* while (Y, u) is bounded by ~||z(?||;/\/n. By Pythagoras the component of
2 — * orthogonal to budget direction has f3-norm Q(n). O
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Definition 1.5 (Total Variation). For two probability measures P,Q on a common measurable space, their total
variation (TV) distance is defined as

TV(P,Q) i=sup |P(4) - Q) = 5 [ 1dP ~ da).

A query is a subset S C V into the value oracle f and a corresponding answer is the function value f(5)
of the subset S. We apply the concept of total variation to the distributions of oracle transcripts, which is
defined as random vectors consisting of queries and answers. By Pinsker’s inequality, it holds that TV (P, Q) <

\/%KL(P |Q), where KL is Kullback-Leibler divergence (Cover and Thomas) 2006).

Lemma 1.6. Fix any deterministic algorithm issuing at most ¢ < n© value queries. Let Try be its oracle transcript
distribution on instances drawn from Dy. Then TV (Trg, Tr1) = o(1).

Proof. Let SM ... S be the random queries and A; := f(S@) the answers. We bound KL(Tro|Tr) by
Pinsker’s inequality.

By Lemmal|l.2| for each fixed S, it holds that A; = ®(x(S))+ Z; with P(|Z;| > Cy/nlogn) < n~1%. In particular,
A; is sub-Gaussian with variance proxy o2 = ©(n) (primitive indicators are O(n?) many, each scaled by O(1/n)).
Let ,ugb) :=Ep,[A4; | Hi—1], where H;_; is the transcript history up to i—1. The only difference between Dy and
D; is the hidden cost-type alignment. By Lemma the queried mixes 2(*) have normalized planted correlation

at most v = 1/8. Since ® is 1-Lipschitz in that correlation after the standard normalization ®(z*) = ©(1) since
@ _

the coeflicients of the type interaction terms are O(1), we get A; := |y, u§0)| < (4 for an absolute constant

C1 independent of n.

Conditioned on H;_1, the one-step KL between A; under Dy vs. D; is upper bounded by the Gaussian proxy
KL; < C;A?/0? < C3/n. By the chain rule for KL divergence (adaptivity only decreases the sum of conditional
KLs), it follows that KL(Tro||Try) < > ¢ | E[KL;] < q-C3/n = O(n“"') = o(1). Pinsker’s inequality gives

TV(Tro, Tr1) < /2KL(Tro [ Tr1) = o(1). O

Lemma 1.7. There exists a constant co € (0,1) such that for all feasible mizes x it holds that ®(z) < ®(z*) —

(1 —m)cOHH(ﬂc—m*)‘ i, where ©* is a planted mazximizer of ®, and 11 is the orthogonal projector onto the subspace
of miz-preserving directions. i.e., orthogonal to the budget direction.

Proof. After symmetrization within the planted and non-planted meta-types, ® is a smooth quadratic function
of x, with Hessian H := V2® that is block-constant on P x P, P x P¢, P¢ x P, and P°¢ x P°. The budget
direction w which is proportional to the all-ones vector weighted by costs is an eigenvector corresponding to the
knapsack modular part. Along w, ® is affine once budget is fixed.

Restrict H to the orthogonal complement of w. In this mix-preserving subspace, the quadratic form coincides
with the cross-type interaction term whose coefficients are controlled by the partial-monotonicity parameter
m. The imbalance between positive and negative expected marginals is ©(1 — m). A standard block-matrix
eigenvalue bound (Gershgorin or explicit diagonalization of a 2 x 2 reduced form after averaging within blocks)
yields that the smallest eigenvalue of —H on that subspace is at least ¢o(1 — m) for an absolute ¢y € (0,1).
Hence, for any v orthogonal to w, it follows that ®(z* + v) < ®(z*) — co(1 — m)||v||3.

Writing ¢ = o* + u + v with u || w, v = II(z — 2*), and using that ®(x* + u) < ®(x*) by optimality of z* under
the fixed budget, the lemma holds. O

Lemma 1.8. [t holds that ®(z) < ®(z*) — (1 —m)/512.

Proof. By Lemma it holds that ®(z) < ®(2*) — (1 — m)co|l(z — 2*)||3. By Lemma for all transcript
queries we have ||[II(x — z*)||]2 > ¥O(n). After the standard normalization of primitive weights that enforces
®(x*) = O(1), the scale factor turns ©(n?) in the norm square into an O(1) constant. Absorbing slack into
p(m) > (1 — m)/4 yields the displayed bound. Hence, there exists a constant ¢y € (0,1) and v € (0,1/8] such
that it holds that ®(z) < ®(z*) — pu(m)y%co with p(m) > 152 for any queried mix z with ||II(z —2*)[|]s > vO(n).



Partial Monotonicity for Submodular Maximization with a Knapsack Constraint

Choosing v = 1/8 and ¢g > 1/2, we have ®(z) < ®(2*) — pu(m)y?co < ®(2*) — (1 —m)/512.

Proof of Theorem [l If there exists a deterministic algorithm A making at most ¢ < n® value-oracle queries
that achieves an approximation ratio of pcara(m) — l=m | ¢ for some constant € > 0. We evaluate A on the

512
distributions Dy and D; constructed in Appendix [[}

By LemmalL3] it follows that Ep, [f(OPT)] < peara (m)Ep, [f(OPT)]+o0(1). Under distribution Dy, let {SM}7_,
be the sequence of queries. By Lemma [[[4] the algorithm’s queries are statistically ”blind” to the planted
alignment P, ensuring that the type-count vectors z(¥) satisfy ||[TI(z(®) —z*)||2 > 7O(n) with high probability. By

Lemma it holds that ®(z(") < ®(z*) — L= By the concentration bound in Lemma the actual oracle
n

answers f(S®) satisty f(S®) = ®(z(®) + O(y/n). Thus, in Dy, the algorithm is constrained to values strictly

below Ep, [f(OPT)] — 2.

Define the success event E as the event that the algorithm returns a set S with value, ie., f(S) >

(peara(m) — 1528 + ) Ep, [f(OPT)]. Under Dy, since f(OPT) & peara(m)Ep, [f(OPT)], the algorithm can sat-

isfy this condition by finding a local optimum. However, under D;, the curvature gap ensures that E oc-
curs with only negligible probability, as the required value is unattainable for queries distant from z*. By
Lemma [L.6] the total variation distance between the oracle transcripts is TV (Tro, Tr;) = o(1). This implies that
|Pp,(E) —Pp, (E)| < o(1). If A could achieve an approximation ratio of peara(m) — 355t + ¢, it would distinguish
Dy from D; with constant advantage, contradicting the indistinguishability framework of (Le Caml (1986} [Yao,

1977)). This concludes the proof. O

Comparison with the hardness result for cardinality constraint. Our hardness result departs from
the strong-symmetry paradigm in the cardinality constraint setting. Specifically, for a strongly symmetric
instance with symmetry gap peara(m), no polynomial-time algorithm achieves better than (1+0(1))pcard(m)-
approximation |Mualem and Feldman| (2022). However, a knapsack constraint with arbitrary costs destroys strong
symmetry because item costs can be chosen pairwise distinct across hidden types, so permutations preserving
feasibility act only within types. To handle this non-symmetric regime, we replace symmetry-gap arguments
with an information-theoretic indistinguishability framework derived from (Le Caml 1986} [Yao, [1977)): we con-
struct two carefully matched distributions of instances Dy, D; that share the same objective f and the same
multiset of costs, yet differ in an unobservable planted alignment between costs and types. We then bound the
total-variation distance between oracle transcripts via KL+Pinsker, and convert the induced, algorithm-enforced
separation in type mixes into a quantitative value loss using a curvature argument in the type-mix space. This
toolkit applies whenever global symmetry is absent but one can (i) hide planted structure and (ii) certify uniform
curvature of the mean-field potential .

Within this framework we establish a strict separation from the cardinality barrier for every m < 1. Specializing
to the objective f, we prove that non-monotone submodular maximization under a single knapsack with arbitrary
weights is strictly harder than the cardinality-constrained version, i.e., no polynomial time algorithm achieves
an approximation ratio of peara(m) — (1 —m)/512 + ¢ for any € > 0.

J Proof of Lemma [4.2]

Lemma 4.2. The objective function f for the influence-and-exploit marketing problem is 1) non-negative 2(1—_3)-
monotone submodular when 8 € [1/2,1]; 2) non-negative monotone submodular when § € [0,1/2].

Proof. Since the weights are non-negative for any S C V and 8 € [0, 1], it holds that f is non-negative.
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For any S CT CV and k € V\ T, it follows that

flk]S)= szk - szk + Zwkj + wik) — Bwgr

eV €S jeSs

=3 wi = 280> wik + we)
iev ies

> " wir — 280> wik + wir)
iev i€T

=[(k|T)

where the first inequality holds since S C T and weights are non-negative. Hence, f is submodular.

When $ € [0, 4], we consider the marginal gain f(k | S) where k € V'\ S and S C V:

f(k|S)= Zwm—w szk+wkk

eV €S

> " wir — (O wir + wik)
eV ieS

= Zwm - Z wip > 0
ieV ieSu{k}

where the first inequality holds since 8 < % Hence, f is monotone.
When $ € [£, 1], we consider the ratio between f(S) and f(T) where S CT C V.

Since

Z Z wij—z Z wij = f Z Z wij + (8 —1) Z Wi;

i€V jeT\S i€S jET\S i€T\S jET\S i€T\S

SO ILUED SETEED SD SR

i€V\S jET\S i€T\S i€T\S jET\(SU{i})

> > S wy =8> > wi; >0,

i€T\S jET\(SU{i}) i€T\S jET\(SU{3})

it follows that

SN wi =8> D> w8 Y wa =Y Y wiy+(1-28) > wii (35)

i€V jeT\S i€T\S jeT\S i€T\S €S jeT\S i€T\S
Since 28 — 1 > 0, it holds that

F(8)=(2=28)f(S)+2B-1)f(S)>2-20)f(S)+28-1) > Y wy,

i€V\S jeSU{i}

where the first inequality holds since § < 1 and the second inequality holds since S C T'. This could be rewritten
as

1=28) > > wi > (1-2p)f(S). (36)

1€V\S jeSU{i}



Partial Monotonicity for Submodular Maximization with a Knapsack Constraint

Using Inequality and Inequality , it holds that

f(T)—f(S):Z Z wij—ﬂ(ZZ Z Wij + Z Z Wij + Z wy;)

1€V jeT\S i€S jeT\S 1€T\S jET\S i€T\S
2D D wyt(1-28) D wa=28), D wy
i€S jeT\S i€T\S i€S jeT\S
=(1=28) > wi+ Y wy)
i€S jET\S JET\S

> (1-26)1(5),

which is equivalent to f(T') > 2(1 — ) f(S). Hence, the monotonicity ratio of f when 8 € [1,1]is 2(1 — 8). O

K Additional Experiments

Additionally, we summarize the average and standard deviation of approximation ratios in Table [3] We observe
that when the budget ratio is set at 0.1 and 0.15, the average empirical approximation ratios of the Determinis-
tic Linear Approximation and Randomized Linear Approximation algorithms are larger than other algorithms.
However, as the budget ratio increases to 0.2,0.3,0.4,0.5, One Set Enumeration Positive Greedy+Max and Sam-
ple Greedy demonstrate superior average empirical approximation ratios. This phenomenon could be attributed
to the property of the thresholding technique used in Deterministic Linear Approximation and Randomized
Linear Approximation algorithms. When the budget ratio becomes larger, the thresholding technique could
include more elements since the budget is larger. However, in the non-monotone case, aggressively including
more elements could sabotage the function value of final solution set.
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Budget Ratio  Algorithm Average Standard Deviation
0.10 Positive Modified Greedy 0.6867 0.0837
Positive Greedy+Max 0.7591 0.0850
Two Set Enumeration Positive Greedy 0.7422 0.0821
One Set Enumeration Positive Greedy+Max  0.7786 0.0793
Sample Greedy 0.8179 0.0304
Deterministic Linear Approximation 0.8421 0.0323
Randomized Linear Approximation 0.8179 0.0327
0.15 Positive Modified Greedy 0.6706 0.0831
Positive Greedy+Max 0.7786 0.0877
Two Set Enumeration Positive Greedy 0.7608 0.0793
One Set Enumeration Positive Greedy+Max  0.7853 0.0845
Sample Greedy 0.8181 0.0297
Deterministic Linear Approximation 0.8168 0.0365
Randomized Linear Approximation 0.8299 0.0410
0.20 Positive Modified Greedy 0.6890 0.0854
Positive Greedy+Max 0.7647 0.0868
Two Set Enumeration Positive Greedy 0.7611 0.0789
One Set Enumeration Positive Greedy+Max  0.7905 0.0827
Sample Greedy 0.8131 0.0303
Deterministic Linear Approximation 0.7399 0.0470
Randomized Linear Approximation 0.7471 0.0310
0.30 Positive Modified Greedy 0.6823 0.0817
Positive Greedy+Max 0.7678 0.0873
Two Set Enumeration Positive Greedy 0.7620 0.0802
One Set Enumeration Positive Greedy+Max  0.7815 0.0817
Sample Greedy 0.8126 0.0306
Deterministic Linear Approximation 0.7365 0.0570
Randomized Linear Approximation 0.7439 0.0715
0.40 Positive Modified Greedy 0.6897 0.0829
Positive Greedy+Max 0.7691 0.0867
Two Set Enumeration Positive Greedy 0.7591 0.0794
One Set Enumeration Positive Greedy+Max  0.7880 0.0802
Sample Greedy 0.8181 0.0296
Deterministic Linear Approximation 0.7352 0.0682
Randomized Linear Approximation 0.7601 0.0719
0.50 Positive Modified Greedy 0.6788 0.0824
Positive Greedy+Max 0.7603 0.0874
Two Set Enumeration Positive Greedy 0.7409 0.0801
One Set Enumeration Positive Greedy+Max  0.7754 0.0794
Sample Greedy 0.8204 0.0303
Deterministic Linear Approximation 0.7239 0.0564
Randomized Linear Approximation 0.7331 0.0654

Table 3: The average and standard deviation of empirical approximation ratios for different algorithms over
different monotonicity ratios under six budget ratios.
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